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Abstract. We investigate Cartan subalgebras in nontracial amalgamated free product von 
Neumann algebras Mi*bM2 over an amenable von Neumann subalgebra B. First, we settle the 
problem of the absence of Cartan subalgebra in arbitrary free product von Neumann algebras. 
Namely, we show that any nonamenable free product von Neumann algebra (Mi ,(pi)* {M2, 1^2) 
with respect to faithful normal states has no Cartan subalgebra. This generalizes the tracial 
case that was established in [Iol2a) . Next, we prove that any countable nonsingular ergodic 
equivalence relation TZ defined on a standard measure space and which splits as the free product 
71 = TZi * TZ2 of recurrent subequivalence relations gives rise to a nonamenable factor L(7?.) 
with a unique Cartan subalgebra, up to unitary conjugacy. Finally, we prove unique Cartan 
decomposition for a class of group measure space factors L°°(X) xi F arising from nonsingular 
free ergodic actions F rv {X, /i) on standard measure spaces of amalgamated groups F — 
Fi *E F2 over a finite subgroup E. 



1. Introduction and main results 

A Cartan subalgebra ^ in a von Neumann algebra M is a unital maximal abelian *-subalgebra 
A C M such that there exists a faithful normal conditional expectation Ea : M A and 
such that the group of normalizing unitaries of A inside M defined by Mm {A) = {n € U{M) : 
uAu* = A} generates M. 

By a classical result of Feldman and Moore |FM75j , any Cartan subalgebra ^ in a von Neumann 
algebra M with separable predual arises from a countable nonsingular equivalence relation TZ 
on a standard measure space {X,/j,) and a 2-cocycle v G H^(7^, T). Namely, we have the 
following isomorphism of inclusions 

{A CM) ^ (L°°(X) C L(7^,^;)). 

In particular, for any nonsingular free action T r\ (X, /x) of a countable discrete group F on a 
standard measure space {X, fi), L°°{X) is a Cartan subalgebra in the group measure space von 
Neumann algebra L°°(X) xi F. 

The presence of a Cartan subalgebra A in a von Neumann algebra M with separable predual 
is therefore an important feature which allows to divide the classification problem for M up to 
♦-isomorphism into two different questions: uniqueness of the Cartan subalgebra A inside M 
up to conjugacy and classification of the underlying countable nonsingular equivalence relation 
TZ up to orbit equivalence. 

In |CFW8l] . Connes, Feldman and Weiss showed that any amenable countable nonsingular 
ergodic equivalence relation is hyperfinite and thus implemented by an ergodic Z-action. This 
implies, together with |Kr75j . that any two Cartan subalgebras inside an amenable factor are 
always conjugate by an automorphism. 
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The uniqueness of Cartan subalgebras up to conjugacy is no longer true in general for nona- 
menable factors. In }CJ81] . Connes and Jones discovered the first examples of IIi factors with 
at least two Cartan subalgebras which are not conjugate by an automorphism. More concrete 
examples were later found by Popa and Ozawa in [OP08| . We also refer to the recent work 
of Speelman and Vaes |SV11| on IIi factors with uncountably many non (stably) conjugate 
Cartan subalgebras. 

In the last decade, Popa's deformation/rigidity theory |PoOH IPo03j has led to a lot of progress 
in the classification of IIi factors arising from probability measure preserving (pmp) actions of 
countable discrete groups on standard probability spaces and from countable pmp equivalence 
relations. We refer to the recent surveys |Po06b[ IValOai IIol2bj for an overview of this topic. 

We highlight below three breakthrough results regarding uniqueness of Cartan subalgebras in 
nonamenable IIi factors. In his pioneering article [PoOlJ, Popa showed that any rigid Cartan 
subalgebra inside group measure space IIi factors L°°{X) xi F„ arising from rigid pmp free 
ergodic actions F„ r\ (X, fi) of the free group Fyi (n ^ 2) is necessarily unitarily conjugate 
to L°°(X). In |OP07] . Ozawa and Popa proved that any compact pmp free ergodic action 
of the free group F„ (n > 2) gives rise to a IIi factor Ij°°{X) x F„ with unique Cartan 
decomposition, up to unitary conjugacy. This was the first result in the literature proving 
the uniqueness of Cartan subalgebras in nonamenable IIi factors. Recently, Popa and Vaes 
[PVllj proved that any pmp free ergodic action of the free group F„ (n > 2) gives rise to a IIi 
factor L°°(X) xi F„ with unique Cartan decomposition, up to unitary conjugacy. We refer to 
[OPOHI iHoMl [CSm IClSUlll IPV121 IHV121 IIoT2al for further results in this direction. 

Very recently, using [PVllj . loana |Iol2a) obtained new results regarding the Cartan decompo- 
sition of tracial amalgamated free product von Neumann algebras Mi * b M2 ■ Let us highlight 
below two of loana's results {Iol2aj : any nonamenable tracial free product Mi * M2 has no Car- 
tan subalgebra and any pmp free ergodic action T r\ {X, n) of a free product group P = Pi * r2 
with [Pil > 2 and |r2| > 3 gives rise to a IIi factor with unique Cartan decomposition, up to 
unitary conjugacy. 

In the present paper, we use Popa's deformation/rigidity theory to investigate Cartan subal- 
gebras in nontracial amalgamated free product (AFP) von Neumann algebras Mi *b M2 over 
an amenable von Neumann subalgebra B. We generalize some of loana's recent results |Iol2a] 
to this setting. The methods of proofs rely on a combination of results and techniques from 
[PVTTllHVT2llfoT2a] . 

Statement of the main results. Using his free probability theory, Voiculescu |Vo95j proved 
that the free group factors L(F„) (n > 2) have no Cartan subalgebra. This exhibited the first 
examples of IIi factors with no Cartan decomposition. This result was generalized later in 
|Ju05] to free product IIi factors Mi *M2 of diffuse subalgebras which are embeddable into R'^. 
Finally, the general case of arbitrary tracial free product von Neumann algebras was recently 
obtained in [Iol2aj using Popa's deformation/rigidity theory. 

The first examples of type III factors with no Cartan subalgebra were obtained in piHO] as a 
consequence of (17o95] . Namely, it was showed that the unique free Araki- Woods factor of type 
IIIa (0 < a < 1) has no Cartan subalgebra. This result was vastly generalized later in [HRIO] 
where it was proved that in fact any free Araki- Woods factor has no Cartan subalgebra. 

Our first result settles the question of the absence of Cartan subalgebra in arbitrary free product 
von Neumann algebras. 

Theorem A. Let {Mi,ipi) and {M2,ip2) be any von Neumann algebras with separable predual 
endowed with faithful normal states such that dim Mi > 2 and dimM2 > 3. Then the free 
product von Neumann algebra {M,ip) = (Mi, 991) * {M2,f2) has no Cartan subalgebra. 
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Observe that when dim Mi = dimM2 = 2, the free product M = Mi * M2 is hyperfinite by 
|Dy92[ Theorem 1.1] and so has a Cartan subalgebra. Note that the questions of factoriahty, 
type classification and fuhness for arbitrary free product von Neumann algebras were recently 
settled in [Uellj . These results are used in the proof of Theorem [Al 

We next investigate more generally Cartan subalgebras in nontracial AFP von Neumann al- 
gebras M = Ml *B M2 over an amenable von Neumann subalgebra B. Even though we do 
not get a complete solution in that setting, our second result shows that, under fairly general 
assumptions, any Cartan subalgebra A G M can be embedded into B inside M, in the sense of 
Popa's intertwining techniques. We refer to Section [2] for more information on these intertwin- 
ing techniques and the notation A B. Recall from |HV12l Definition 5.1] that an inclusion 
of von Neumann algebras P G M has no trivial corner ii for all nonzero projections p € P' DM, 
we have Pp 7^ pMp. 

Theorem B. For i € {1,2}, let B C Mj he any inclusion of von Neumann algebras with 
separable predual and with faithful normal conditional expectation Ei : Mj B. Let (M, E) = 
{Ml, El) *B {M2,E2) be the corresponding amalgamated free product von Neumann algebra. 
Assume that B is a finite amenable von Neumann algebra. 

Assume moreover that: 

• Either both Mi and M2 have no amenable direct summand. 

• Or B is of finite type I, Mi has no amenable direct summand and the inclusion B C M2 
has no trivial corner. 

If A d M is a Cartan subalgebra, then A B. 

A similar result was obtained for tracial AFP von Neumann algebras in |Iol2al Theorem 1.3]. 

The first examples of type III factors with unique Cartan decomposition were recently obtained 
in [ HV12j . Namely, it was showed that any nonamenable nonsingular free ergo die action 
r rv (X, /x) of a Gromov hyperbolic group on a standard measure space gives rise to a factor 
L°°(X) X r with unique Cartan decomposition, up to unitary conjugacy. This generalized the 
probability measure preserving case that was established in [PV12]. 

In order to state our next results, we need to introduce some terminology. Let 7^ be a countable 
nonsingular equivalence relation on a standard measure (X, fj) and denote by L(7^) the von 
Neumann algebra of the equivalence relation IZ ( |FM75j ). Following |Ad92t Definition 2.1], 
we say that TZ is recurrent if for all measurable subsets U C X such that fJ-{U) > 0, the set 
[x]ti n W is infinite for almost every x This is equivalent to saying that L{Tl) has no type 
I direct summand. We then say that a nonsingular action F r\ {X, ^) of a countable discrete 
group on a standard measure space is recurrent if the corresponding orbit equivalence relation 
TZ{T r\ X) is recurrent. 

Our next result provides a new class of type III factors with unique Cartan decomposition, up to 
unitary conjugacy. These factors arise from countable nonsingular ergodic equivalence relations 
TZ which split as an arbitrary free product TZ = IZi * IZ2 of recurrent sub equivalence relations. 
We refer to |Ga99t Definition IV. 6] for the notion of free product of countable nonsingular 
equivalence relations. 

Theorem C. Let TZ be any countable nonsingular ergodic equivalence relation on a standard 
measure space {X, fi) which splits as a free product TZ = IZi * IZ2 such that the subequivalence 
relation TZi is recurrent for all i £ {1, 2}. 

Then the nonamenable factor L(7^) has L°°{X) as its unique Cartan subalgebra, up to unitary 
conjugacy. In particular, for any nonsingular ergodic equivalence relation S on a standard 
measure space {Y,r]) such that L{TZ) = L(5), we have TZ = S. 
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Observe that Theorem ICl generalizes |Iol2al Corollary 1.4] where the same result was obtained 
for countable pmp equivalence relations under additional assumptions. Note that in the case 
when TZi is nowhere amenable, that is, L(7^i) has no amenable direct summand and 7^2 is 
recurrent, Theorem ICl is a consequence of Theorem iBl and |HV121 Theorem 2.5]. However, 
Theorem |B] does not cover the case when both TZi and TZ2 are amenable. So, in the setting of 
von Neumann algebras arising from countable nonsingular equivalence relations, Theorem [C] 
is a generalization of Theorem |B] in the sense that we are able to remove the nonamenability 
assumption on Mi = L(7^i). 

Finally, when dealing with certain nonsingular free ergodic actions T r\ {X, /j,) of amalgamated 
groups Fi *2 F2, we obtain new examples of group measure space type III factors with unique 
Cartan decomposition, up to unitary conjugacy. 

Theorem D. Let F = Fi *s r2 be any amalgamated free product of countable discrete groups 
such that S is finite and Fj is infinite for all i € {1,2}. Let F r\ {X, fi) be any nonsingular free 
ergodic action on a standard measure space such that for all i £ {1,2}, the restricted action 
Fj r\ (X, fj,) is recurrent. 

Then the group measure space factor L°°(X) xi F has L°°{X) as its unique Cartan subalgebra, 
up to unitary conjugacy. 

Observe that Theorem [D] generalizes the probability measure preserving case that was estab- 
lished in |Iol2al Theorem 1.1]. 

In the spirit of |HV12|. Corollary B], we obtain the following interesting consequence. Let 
F = Fi * F2 be an arbitrary free product group such that Fi is amenable and infinite and 
IF2I > 2. Then we get group measure space factors of the form L°^(X) xi F with unique Cartan 
decomposition, having any possible type and with any possible flow of weights in the type IIIq 
case. 

We finally mention that, unlike the probability measure preserving case |Iol2al Theorem 1.1], 
the assumption of recurrence of the action Fj r> {X,n) for all i G {1,2} is necessary. Indeed, 
using [SVllj , we exhibit in Section [5] a class of nonamenable infinite measure preserving free 
ergodic actions F r\ {X, fi) of free product groups F = Fi * F2 such that the corresponding 
type IIoo group measure space factor L°°(X) xi F has uncountably many non conjugate Cartan 
subalgebras. 



Comments on the proofs. As we already mentioned above, the proofs of our main results 
rely heavily on results and techniques from |PV1H IHV121 IIol2a] . Let us describe below the 
main three ingredients which are needed. We will mainly focus on the proof of Theorem lAl 

Denote by (M, ip) = (Mi, (pi) * (M2, (/J2) an arbitrary free product of von Neumann algebras as 
in Theorem VK\ For simplicity, we may assume that M is a factor. In the case when both Mi 
and M2 are amenable, M is already known to have no Cartan subalgebra by [HR10|, Theorem 
5.5]. So we may assume that Mi is not amenable. Using |Dy92 lUellj . we may further assume 



that Ml has no amenable direct summand and M2 7^ C. By contradiction, assume that A C M 
is a Cartan subalgebra. 

We first use Connes-Takesaki's noncommutative flow of weights |Co72[ ICT761 ITa03] in order 
to work inside the semifinite von Neumann algebra c(M) which is the continuous core of M. 
We obtain a canonical decomposition of c(M) as the semifinite amalgamated free product von 
Neumann algebra c(M) = c(Mi) *l(r) c(M2). Moreover c{A) C c(M) is a Cartan subalgebra. 

Next, we use Popa's intertwining techniques in the setting of nontracial von Neumann alge- 
bras that were developped in [HV121 Section 2]. Since A is diffuse, we show that necessarily 
c(^) :^c(M) L(R) (see Proposition [230]) . 
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Finally, we extend loana's techniques from |Iol2al Sections 3,4] to semifinite AFP von Neumann 
algebras (see Theorems 13.41 and I4.ip . The major difference though between our approach and 
loana's approach is that we cannot use the spectral gap techniques from [Iol2a. Section 5] . The 
main reason why loana's approach cannot work here is that c(M) is not full in general even 
though M is a full factor. Instead, we strengthen |Iol2al Theorem 4.1] in the following way. We 
show that the presence of the Cartan subalgebra c(^) C c(M) which satisfies c{A) :^c{M) L(R) 
forces both c(Mi) and c(M2) to have an amenable direct summand. Therefore, both Mi and 
M2 have an amenable direct summand as well. Since we assumed that Mi had no amenable 
direct summand, this is a contradiction. 

Acknowledgments. We are grateful to Adrian loana and Stefaan Vaes for their useful com- 
ments regarding a first draft of this paper. 
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2. Preliminaries 

Since we want the paper to be as self contained as possible, we recall in this section all the 
necessary background that will be needed for the proofs of the main results. 

2.1. Intertwining techniques. All the von Neumann algebras that we consider in this paper 
are always assumed to be cr- finite. Let M be von Neumann algebra. We say that a von Neu- 
mann subalgebra P C IpMlp is with expectation if there exists a faithful normal conditional 
expectation Ep : IpMlp — t- P. Whenever V C M is linear subspace, we denote by Ball(V) 
the unit ball of V with respect to the uniform norm || • ||oo. We will sometimes say that a von 
Neumann algebra (M, r) is tracial if M is endowed with a faithful normal tracial state r. 

In [ PoOHlPo03j . Popa discovered the following powerful method to unitarily conjugate subalge- 
bras of a finite von Neumann algebra. Let M be a finite von Neumann algebra and A C lyiMlyi, 
B C IbMIb von Neumann subalgebras. By |Po031 Corollary 2.3] and |PoOH Theorem A.l], 
the following statements are equivalent: 

• There exist projections p € A and q € B, a nonzero partial isometry v G pMq and a 
unital normal *-homomorphism (/? : pAp — t- qBq such that av = vip{a) for all a € A. 

• There exist n > 1, a possibly nonunital normal *-homomorphism vr : A — > M„,(i?) and 
a nonzero partial isometry v G 'Wli^ni^AMls) such that av = vn^a) for all a € A. 

• There is no net of unitaries {wk) in U{A) such that EB{x*Wky) — >• *-strongly for all 
x,y£ IaMIb- 
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If one of the previous equivalent conditions is satisfied, we say that A embeds into B inside M 
and write A B. 

We will need the following generalization of Popa's Intertwining Theorem which was proved in 
[HV121 Theorems 2.3, 2.5]. A further generalization can also be found in |Uel21 Proposition 
3.1]. 

Theorem 2.1. Let M he any von Neumann algebra. Let A C l^Ml^ and B C IbMIb he 
von Neumann suhalgehras such that B is finite and with expectation Eb '■ IbMIb — > B. The 
following are equivalent. 

(1) There exist n > 1, a possibly nonunital normal *-homomorphism tt : A ^ M„(i?) and 
a nonzero partial isometry v G Mi^„(1^M1b) such that av = VTT{a) for all a G A. 

(2) There is no net of unitaries (wk) in U{A) such that EB{x*Wky) — ?• *-strongly for all 
x,y G IaMIb. 

Moreover, when M is a factor and A,B C M are both Cartan suhalgehras, the previous condi- 
tions are equivalent with the following: 

(3) There exists a unitary u G U{A) such that uAu* = B. 

Definition 2.2. Let M be any von Neumann algebra. Let A C IaMIa and B C IbMIb be 
von Neumann subalgebras such that B is finite and with expectation. We say that A embeds 
into B inside M and denote A B one of the equivalent conditions of Theorem 12.11 is 
satisfied. 

Observe that when 1a and 1b are finite projections in M then l^i V 1^ is finite, and A :<m B 
in the sense of Definition 12.21 if and only if A ^(i^v1b)a/{1aV1s) ^ holds in the usual sense for 
finite von Neumann algebras. 

In case of semifinite von Neumann algebras, we recall the following useful intertwining result 
(see jHRlOl Lemma 2.2]). When (^?, Tr) is a semifinite von Neumann algebra endowed with a 
semifinite faithful normal trace, we will denote by Projf(S) the set of all nonzero finite trace 
projections of B. We will denote by || ■ ||2,Tr the L^-norm associated with the trace Tr. 

Lemma 2.3. Let (A^,Tr) be a semifinite von Neumann algebra endowed with a semifinite 
faithful normal trace. Let B C M be a von Neumann subalgebra such that Tr\B is semifinite. 
Denote by Eq : Ad ^ B the unique trace-preserving faithful normal conditional expectation. 

Let p G Projf(AI) and A C pA4p any von Neumann subalgebra. The following conditions are 
equivalent: 

(1) For every q G Projf(;S), we have A qBq. 

(2) There exists a net of unitaries Wk G ly({A) such that lim^ \\Eis{x*Wky)\\2,Tr = for all 
x,y £ pM.. 

Proof. (1) =^ (2) Let J- C Ball(pA^) be a finite subset and e > 0. We need to show that there 
exists w G U{A) such that ||£'B(j;*ri;?/)||2,Tr < £ for all x,y G J-". Since the projection p has 
finite trace, there exists q G Projf(5) large enough such that 

\\qx*p - x*p\\2.T^r + \\pyq - pyh,TT < |, Vx,y g t. 

Since A Q^Qi there exists a net Wk G U{A) such that lim^ \\EqQg{a*uJkb)\\2^TT = for all 
a, 6 G pAiq. Appying this to a = pxq and b = pyq, if we take w = Wk for k large enough, we 
get \\Es{qx*pwpyq)\\2,Tr = \\EqBq{qx*puj pyq)\\2,Tr < §• Therefore, \\EB{x*wy)\\2,Tr < £■ 
(2) (1) Let q G Projf(,B) and put e = pM q. Let A = Tr(e) < cxd and denote by || • ||2 the 
L'^-norm with respect to the normalized trace on eMe. For all x, y G pA4q, we have 

lim \\Eql3q{x*Wky)\\2 = A""^/^ lim \\EqBq{x*Wky)\\2,Tv = 0. 
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This means exactly that A :^eMe Ql3q in the usual sense for tracial von Neumann algebras and 
so A -^M qBq. □ 

Let r be any countable discrete group and S any nonempty collection of subgroups of T. 
Following |BO081 Definition 15.1.1], we say that a subset C T is small relative to S if there 
exist n > 1, Ei, . . . , E„ G 5 and gi,hi, . . . , gn, hn such that T C UILi di^i^i- 
We will need the following generalization of [ValObl Proposition 2.6] and |HV121 Lemma 2.7]. 

Proposition 2.4. Let Tr) he a semifinite von Neumann algebra endowed with a semifinite 
faithful normal trace. Let T r\ (B, Tr) be a trace preserving action of a countable discrete 
group r on (B, Tr) and denote by Ai = B xiT the corresponding semifinite crossed product von 
Neumann algebra. Let p € Projf(A^) and A C pA4p any von Neumann subalgebra. Denote 

r = MpMp{A)". 

For every subset T C T which is small relative to S, denote by Pjr the orhogonal projection 
from L^(A^, Tr) onto the closed linear span of {xUg : x & B H L^(0, Tr), 5 € J-}. 

(1) The set J = {e e A' n pMp : Ae q{l3 x S)g,VS G 5,Vg G Projf(0)} is directed 
and attains its maximum in a projection z which belongs to Z{V). 

(2) There exists a net (wk) in U{Az) such that \\mk\\PT{wk)\\2.Tv = for every subset 
J- dV which is small relative to S. 

(3) For every e > 0, there exists a subset T <Z T which is small relative to S such that 
\\a — -PF(a) ||2,Tr < e for all a G A{jp — z). 

Proof. (1) In order to show that the set J is directed and attains its maximum, it suffices to 
prove that whenever {ei)i^i is a family of projections in A' CipAip and e = y^^jCi, if e ^ 
then there exists i £ I such that Ci ^ J . If e ^ J , there exist S G 5 and q G Projf(,B) such 
that Ae :<M q{B xi S)g. Let n > 1, a nonzero partial isometry v G Mi_„(C) (8" e^Aq and a 
normal *-homomorphism ip : Ae — )• M.n{q{B xi T,)q) such that av = Vip{a) for all a G Ae. By 
definition we have ev = v. Choose z G / such that CiV 7^ and denote by tt; G Mi^„(C) (8 CiMq 
the polar part of eiV. Since aw = wip{a) for all a G Ae, it follows that Aci -^m x T,)q. 
Hence, Cj ^ J'. 

Denote by z the maximum of the set J. It is easy to see that uzu* G ^7 whenever u G MpMpi-^)i 
hence uzu* = z. Therefore u G Z{V). 

(2) We have that Az -^m Qi^ x T,)q for all S G 5 and all q G Projf(S). Let e > and 
C r a subset which is small relative to S. We show that we can find w G lA{Az) such that 

\\Pr{yo)h,T. < e. 

Let F C Ur=i Qi^i^i with Si, . . . , S„ G 5 and gi, hi, . . . , gn, hn G P. Consider the semifinite von 
Neumann algebra M„(A1) together with the diagonal subalgebra Q = ^^Li x Sj. Observe 
that the canonical trace on M„(A^) is still semifinite on Q. Consider moreover the trace 
preserving *-embedding p : — M„(7V() : a; 1— )■ x © • • • © x. 

Since Az q{B x Sj)g for alH G {1, . . . , n} and all q G Projf(S), we get that p{Az) 7^m„(a^) 
p{q)Qp{q) for all q G Projf(i3) by the first criterion in Lemma [2. 31 Then by the second criterion 
in Lemma l2.3[ there exists a net Wk G U{Az) such that 

lim \\Ei3-,AY:,{xwky)\\2,Tr = 0, Vx,y e M,\/i £ {1, ...,n}. 

k 

Recall that PgT.h{x) = UgE]3y,-£{u*xu^)uh for all a; G fl L^(7W,Tr). Applying what we have 
just proved to x = u*. and y = u^,, we get that lim^ ||-Pgji;j/ij('Wfc)||2,Tr = for all i G {1, . . . ,n}. 
Therefore lim^ ||-PF(u;fc)||2,Tr = and it suffices to take w = Wk for k large enough. 

(3) By construction, for all projection e <p — z, there exists S G 5 and q G Projf(;B) such that 
Ae Qi^S X E)g. Let e > 0. Choose i > 1 and ei, . . . ,e£ G A' H pM.p pairwise orthogonal 
projections such that: 
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• For every i £ {1, . . . , £} , Ci < p — z and e = ei + • • • + satisfies \\{p — z) — e||2,Tr < 

• For every i € {!,...,£}, there exist > 1, Sj € 5, a projection qi £ Projf(jB), 
a nonzero partial isometry Vi G Mi^„. (C) ® eiMqi and a normal *-homomorpliism 
93j : ^ ^ M„. xi T,i)qi) such that VjV* = ej and awj = Viipi{a) for all a G ^. 

Put n = ni + ■ ■ ■ + ne, q = VLi 9* ^'^'^ define ip : A ^ ©Li ^^('^ ^ ^i)^* ^ ^n{qMq) by 
putting together the ipi diagonally. Similarly, define the partial isometry v S Mi^„(C) (g) eMq 
such that vv* = e and af = vip{a) for all a G 

Using Kaplansky density theorem, choose vq € ]V[i ,^(C) (g) XaigT)^ such that ||fo||oo 

< 1 

and \\v — volb.Tr < £/3. Define ^ C F the finite subset such that vq belongs to the linear span 
of {eii (g) exugq : x £ B, g £ Q ,1 < i < i}. Put T = (JLi Ug,/igg 9^i^^^ ■ 

Let a G Ball(^(p — z)) and write a = a{p — z — e) + ae. Observe that \\a{jp — z — e)||2,Tr < 
II^IIooIIp — z — e||2,Tr < e/3. Since ae = f(/?(a)f*, it follows that ae lies at a distance less than 
2e/3 from VQ(p[a)vQ. Observe that by construction Pjr{vQLp{a)vQ) = VQip{a)vQ. Therefore, a lies 
at a distance less than e from the range of Pj^. □ 

2.2. Amalgamated free product von Neumann algebras. For i G {1,2}, let B C Mi 
be an inclusion of von Neumann algebras with expectation Ei : Mj — )• i?. Recall that the 
amalgamated free product {M,E) = (Mi,Ei) *b {M2,E2) is the von Neumann algebra M 
generated by Mi and M2 where the faithful normal conditional expectation E : M ^ B 
satisfies the freeness condition: 

E{xi ■ ■ ■ Xn) = whenever Xj G Mi. Q B and ij ^ ij^i . 

Here and in what follows, we denote by Mj B the kernel of the conditional expectation Ei : 
Mi — )• B. We refer to |Vo851 rVo921 IUe98] for more details on the construction of amalgamated 
free products in the framework of von Neumann algebras. 

Assume that Tr is a semifinite faithful normal trace on B such that for alH G {1, 2}, the weight 
TroE'j is a trace on Mj. Then the weight Troii^ is a trace on M by |Ue98t Theorem 2.6]. In 
that case, we will say that the amalgamated free product {M,E) = (Mi,Ei) *b (M2,i?2) is 
semifinite. Whenever we consider a semifinite faithful normal trace on a semifinite amalgamated 
free product (M, E) = (Mi, £'1) *b (M2, £^2), we will always assume that Tr o£; = Tr and Tr \B 
is semifinite. 

The following proposition is a semifinite analogue of |IPP05t Theorem 1.1]. The proof of 
Theorem 12.51 is essentially contained in [CHOSi Theorem 2.4]. 

Theorem 2.5. Let {A4,E) = (Aii,Ei) *g {M2^E2) be a semifinite amalgamated free product 
von Neumann algebra with semifinite faithful normal trace Tr. Let p G Projf(A^i) CLnd Q C 
pMiP any von Neumann subalgebra. Assume that there exists a net of unitaries G IA{Q) 
such that limfc \\EQ{x*Wky)\\2;Tr: = for all x,y £ pM.i. 

Then any Q-pMip-subbimodule H ofl7'{pM.p) which has finite dimension as a right pA4ip- 
bimodule must be contained in L'^{pA4ip). In particular, MpMpiQ)" C pM.ip. 

Proof. Using [Ta021 Proposition V.2.36], we denote by £"^^1 : ^A — > ^Al the unique trace 
preserving faithful normal conditional expectation which satisfies 

Emi{xi ■ ■■X2m+l) = 

whenever m > 1, xi,X2m+i € -A^i, X2j G A^2 Q B and X2j+i G A4i G S for all 1 < j < m — 1. 
Observe that we moreover have TroEj\4-^ = Tr. We denote by A^i the kernel of the 
conditional expectation Ej^.^ : M. — )■ Aii. 

Claim. We have that lim/j \\EMA^*Wky)\\2,Tr: = for all x,y G p{M Mi). 
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Proof of the Claim. Observe that using Kaplansky's density theorem, it suffices to prove the 
Claim for x = pxi--- X2m+i and y = pyi--- ygn+i with m, n > 1, xi, X2m+i, 2/1, 2/2n+i S Mi, 
X2£+i,y2e'+i £ Ml Q B and X2t, y2£> S M2 ;B for all 1 < £ < m — 1 and all 1 < ^' < n — 1. 
Then, we have 

EMi{x*Wky) = Emi{x*2„i+1 ■ ■ ■ X*2EB{x\wkyi) 2/2 • • •y2n+l)- 

Hence, lim^ \\EMi{x*Wky)\\2,T:T = 0. □ 

In particular, we get lim^ \\EpMip{x*Wky) |l2,Tr = for all x,y £ pMpQpMip. Finally, applying 
|Va061 Lemma D.3], we are done. □ 

We will moreover need the following technical results. 

Proposition 2.6. Let {Ai, E) = (A4i, -Ei)*b(A127 &e a semifinite amalgamated free product 
von Neumann algebra with semifinite faithful normal trace TV. Assume the following: 

• For all i € {1, 2} and for all nonzero projections z E 2(B), Bz ^ zA4iZ. 

• For all p £ Projf(7W) and all q € Projf(;B), we have pM.p qBq. 

Then for all i € {1, 2}, all e € Projf(A^) and all f € Projf(A^j), we have eA4e fMif. 

Proof. By contradiction, assume that there exist i G {1,2}, e € Projf(A^) and / € Projf(A^i), 
a nonzero partial isometry v € eA4f and a unital normal *-homomorphism ip : eMe — )• fMif 
such that XV = v(p{x) for all x S eMe. We may assume without loss of generality that i = 1. 
Moreover, as in ^Va07(. Remark 3.8], we may assume that the support projection of Ej^-^{v*v) 
in A^i equals /. 

Let q € Projf(;B) be arbitrary. By assumption, we have eM.e qBq. Next, we claim that 
ip(eA4e) -^Mi Q^Q- Indeed, otherwise there would exist n > 1, a nonzero partial isometry 
w G Mi^„(C) (8) fMiq and a normal *-homomorphism ip : ip{eM.e) — )■ 'M.n{qBq) such that 
ip{x)w = w'tp{ip{x)) for all x G eM.e. Hence, we get xvvu = vw{'4) o ip){x) for all x G eMe. 
We have Ej^^^(^j^-^){w*v*mu) = w* E_\4-^{v*v)w ^ since the support projection of Em^{v*v) 
is / and fw = w. By taking the polar part of vw, this would imply that eM.e <m Q^^q, a 
contradiction. 

By Lemma and Theorem!^ we get ifieMe)' D fMf C fMif, hence v*v G fMif. Thus, 
we may assume that v*v = f. We get fMf = v*Mv C fMif C fMf, so fMif = fMf. 
The proof of [HV12', Theorem 5.7] shows that there exists a nonzero projection z G Z{B) such 
that ZM2Z = Bz, contradicting the assumptions. □ 

Proposition 2.7. Let {M, E) = {Mi, -Ei)*b(A^2, -E'2) be a semifinite amalgamated free product 
von Neumann algebra with semifinite faithful normal trace Tr. Letp G Projf(AI) and A C pMp 
any von Neumann subalgebra. Assume there exist i G {1,2} and pi G Projf(A^i) such that 
A PiMiPi. 

Then either there exists q G Projf(;B) such that A :<m Q^^q or J\fpMp[A)" :<m piMiPi. 

Proof. We assume that for all q G Projf(;B), we have A -^m I^Q and show that necessarily 
J^pMp{^)" :<M PiMiPi. 

Since A :<m piMiPi, there exist n > 1, a nonzero partial isometry v G Mi^„(C) ®pMpi and a 
possibly nonunital normal *-homomorphism (p : A^ M.n{piMiPi) such that av = vip(a) for all 
a £ A. Since we also have A qBq for all q G Projf(;S), a reasoning entirely analogous to the 
one of the proof of Proposition 12.61 allows us to further assume that ip{A) :^Mn(Mi) ^nilBq) 
for all q G Projf(S). 

Let u G MpMp{A). Then for all a G ^, we have 

v*uvip{a) = vuav = v* {uau*)uv = tp{uau*)v* uv . 



10 



REMI BOUTONNET, CYRIL HOUDAYER, AND SVEN RAUM 



By Theorem 12.51 and Lemma \2.3\ we get v*uv G M.n{piA4iPi) for all u G A/^Xp(^), hence 
v*AfpMp{'^)"v C piMiPi. Therefore, we have MpMp{^)" Pi-^iPi- D 

2.3. Hilbert bimodules. Let M and be any von Neumann algebras. Recall that an M- 
N-bimodule Ti is a, Hilbert space endowed with two commuting normal *-representations vr : 
M Bin) and p : N°p ^ B{-H). We then define tth ■ M «)aig B(7^) by T^uix ® y"^) = 
7r(x)/o(y°P) for all x G M and all y € N. We will simply write x^y = tt-u{x (8) y°^)(, for all 
a: G M, all y G iV and all ^ gU. 

Let v. and /C be M-A^-bimodules. Following |Co94l Appendix V.B], we say that /C is weakly 
contained in Ti and write /C Cweak if ||7rK;(T)||oo < ||7rH(T)|[oo for all T G M (g)aig N"p. We 
simply denote by (iV, L^ (iV) , J, <p) the standard form of N (see e.g. [TaM Chapter IX. 1]). 
Then the A^-A^-bimodule L^(A^) with left and right action given by x^^y = xJy*J^ is the trivial 
A^-A^-bimodule while the A^-A^-bimodule L^(A^) (g) L^(A^) with left and right action given by 
x{^ (X) r])y = (X) Jy* Jf] is the coarse A^-A^-bimodule. 

Recall that a von Neumann algebra is amenable if as A^-A^-bimodules, we have L^(A^) Cweak 
L^(A^) (8> L^(A^). Equivalently, there exists a norm one projection $ : B(L^(A^)) N. 

For any von Neumann algebras B,M,N, any M-i?-bimodule "H and any i?-A^-bimodule /C, 
there is a well defined M-A^-bimodule % ®b ^ called the Connes's fusion tensor product of 
1-L and /C over B. We refer to [Co94i Appendix V.B] and |AD93[ Section 1] for more details 
regarding this construction. 

We will be using the following well known fact (see |AD931 Lemma 1.7]). For any von Neumann 
algebras B, M, N such that B is amenable, any M-i?-bimodule Ti and any S-A^-bimodule /C, 
we have, as M-A'"-bimodules, 

2.4. Relative amenability. Let Af be any von Neumann algebra. Denote by (M, L^(M), J, *p) 
the standard form of M. Let P C IpMlp (resp. Q C M) be a von Neumann subalgebra with 
expectation Ep : IpMlp — )• P (resp. Eq : M — >• Q). The basic construction {M,Q) is the von 
Neumann algebra (JQJ)' fl B(H). Following |OP07l Section 2.1], we say that P is amenable 
relative to Q inside M if there exists a norm one projection $ : lp{M,Q)lp — )• P such that 
<^>\lpMlp = Ep. 

In case (M, r) is a tracial von Neumann algebra and the conditional expectation Ep : M — >■ 
P (resp. Eq : M — > Q) is r-preserving, the basic construction that we denote by {M^cq) 
coincide with the von Neumann algebra generated by M and the orthogonal projection eg : 
L2(M,r) ^ 1?{Q,t\Q). Observe that {M^eq) comes with a semifinite faithful normal trace 
given by Tr(xeQy) = T{xy) for all x,y G M. Then |UP07l Theorem 2.1] shows that P is 
amenable relative to Q inside M if and only if there exists a net of vectors ^„ G L^((M, eg), TV) 
such that lim„(x^n7 Cn)Tr = for all x G IpMlp and lim„ \\y^n — Cn?/||2,Tr = for all y £ P. 

2.5. Noncommutative flow of weights. Let (M, ip) be a von Neumann algebra together with 
a faithful normal state. Denote by M*^ the centralizer of ip and by Mxi^Tl the continuous core of 
M, that is, the crossed product of M with the modular automorphism group (erf )tgR, associated 
with the faithful normal state (p. We have a canonical *-embedding vr^ : M ^ M xi^ R and a 
canonical group of unitaries {X^p{s))s^^ in M xi^ R such that 

''^vi'^ti^)) — ^v^^) T^ipi^) ^ip{s)* for all X G M, s G R. 
The unitaries (A^(s))sgR generate a copy of L(R) inside M xi^ R. 
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We denote by (p the dual weight on M xi^R (see |Ta031 Definition X.1.16]), which is a semifinite 
faithful normal weight on M R whose modular automorphism group ((T^)teR satisfies 

'^t'('^'/'(^)) = '^H>^'^t^^^) all a; G M and erf (A^(s)) = A^(s) for all s € R. 

We denote by {6f)teii the dual action on M xi^ R, given by 

9f{'K^p{x)) = ■7T^{x) for all X G M and 9f{Xip{s)) = exp(its)A^(s) for all s G R. 

Denote by hip the unique nonsingular positive selfadjoint operator affiliated with L(R) C M xi^ 
R such that h]^ = A<^(s) for all s € R. Then Tr,^ = (p{h~^-) is a semifinite faithful normal trace 
on M R and the dual action 9'-'^ scales the trace Tr^: 

Tr^ o6lf = exp(t) Tr^, Vt € R. 

Note that Tr<^ is semifinite on L(R) C M x^ R. Moreover, the canonical faithful normal 
conditional expectation ^l(R) • M x^ R ^ L(R) defined by -El(pi)(xA(^(s)) = ^p{x)\^p{s) 
preserves the trace Tr^, that is, 

Tr^ o£^L(R) = ■ 

Because of Connes's Radon-Nikodym cocycle theorem (see [Ta031 Theorem VIII.3.3]), the 
semifinite von Neumann algebra M x R, together with its trace Tr,^ and trace-scaling action 
9"^ , "does not depend" on the choice of (/? in the following precise sense. If ip is another faithful 
normal state on M, there is a canonical surjective *-isomorphism H^^^ :Mx^R— >-Mx^R 
such that o TT^ = TT^, Tr^ oll^ ,^ = Tr^ and n^,(p o9^ = 9^ o 11^^^. Note however that H^^^ 
does not map the subalgebra L(R) C M x^ R onto the subalgebra L(R) C M x^ R. 

Altogether we can abstractly consider the continuous core (c(M),0,Tr), where c(M) is a von 
Neumann algebra with a faithful normal semifinite trace Tr, is a trace-scaling action of R on 
(c(M),Tr) and c(M) contains a copy of M. Whenever 93 is a faithful normal state on M, we 
get a canonical surjective *-isomorphism IIj^ : M x^ R ^ c(M) such that 

o r = o n^, Tr^ = Tr on^, n^(7r^(2;)) =x Vx € M. 

A more functorial construction of the continuous core, known as the noncommutative flow of 
weights can be given, see ICT76l IFT99] . 

By Takesaki's duality theorem [TaOH Theorem X.2.3], we have that c(M) x^ R ^ M 
B(L^(R)). In particular, by ^AD93l Proposition 3.4], M is amenable if and only if c(M) 
is amenable. 

If P C IpMlp is a von Neumann subalgebra with expectation, we have a canonical trace 
preserving inclusion c(P) C lpc(M)lp. 

We will also frequently use the following well-known fact: if ^ C M is a Cartan subalgebra then 
c(^) C c(M) is still a Cartan subalgebra. For a proof of this fact, see e.g. |HR10l Proposition 
2.6]. 

Proposition 2.8. Let M he any von Neumann algebra with no amenable direct summand. 
Then the continuous core c{M) has no amenable direct summand either. 

Proof. Assume that c(M) has an amenable direct summand. Let z G Z{c{M)) be a nonzero 
projection such that c{M)z is amenable. Denote hy 9 ■.'R r\ c(M) the dual action which scales 
the trace Tr. Put e = VteR^t(^)- Observe that e G 2{c{M)) and 9t{e) = e for all t G R. By 
[Ta031 Theorem XII.6.10], we have e G M n Z(c(M)), hence e G Z{M). We canonically have 
c(M)e = c(Me). 

Since amenability is stable under direct limits, we have that c(M)e is amenable, hence c(Me) is 
amenable. Applying again [TaMl Theorem XII.6.10], we have c(Me) x^R = (Me) (g)B(L2(R)). 
We get that c(Me) xg R is amenable and so is Me. Therefore, M has an amenable direct 
summand. □ 
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We will frequently use the following: 

Notation 2.9. Let A C M (resp. B C M) be a von Neumann subalgebra with expectation 
Ea : M a (resp. Eb '■ M ^ B) oi a given von Neumann algebra M. Assume moreover that 
A and B are both tracial. Let ta_ be a faithful normal trace on A (resp. tb on B) and write 
ipA = rAO Ea (resp. ipB = tbo Eb). Write -k^^ : M M x<^^ R (resp. vr^^ : M ^- M x<^^ R) 
for the canonical *-representation of M into its continuous core associated with ipA (resp. 

By Connes's Radon-Nikodym cocycle theorem, there is a surjective ^-isomorphism 

which intertwines the dual actions, that is, 6^^ o H^^^^^ = H^^^^^ o 9'^^, and preserves 
the faithful normal semifinite traces, that is, Tr^^ °'^'pb,va ~ '^^v'a- particular, we have 
'^VB,VAi'^VAi^)) = ^¥Js(^) for all X e M. 

Put c(M) = M xi^g R, c{B) = B R and c{A) = Il^g^^^{A x^^ R). We simply denote 
by Tr = Tr^g the canonical semifinite faithful normal trace on c(M). Observe that Tr is still 
semifinite on Z{c{A)) and Z{c{B)). 

Proposition 2.10. Assume that we are in the setup of Notation \2.!A If A -^m B, then for all 
p G Projf(^(c(A))) and all q £ Projf(2(c(-B))), we have c{A)p ;^c(Af) c(-B)g. 

Proof. Let € 1^{A) be a net such that EB{x*Vky) — )• *-strongly for all x, y G M. Recall that 
c(M) = Mx<^gR, c{B) = Sx^5Randc(A) = n<^g,^^(^ x^^ R). Let p G Projf(2:(c(A))) and 
q G Projf(^(c(S))). Observe that since p commutes with every element in c(A), p commutes 
with every element in Il^g^^^{'K^^{A)) = 'k^b{A) C c{A). Then Wk = Tl^g^ipj^{'K^^{vk))p = 
'^•^si'^kjP is a net of unitaries in U{c{A)p). 

Write c(M)aig = M X(^g R for the algebraic crossed product, that is, the linear span of 
{'K^pg{x)\tpg{t) : X G M,t G R}. Observe that c(M)aig is a dense unital *-subalgebra of c(M). 
We have Ec(^B){^*'^ipB{vk)y) — ^ *-strongly for all x,y G c(M)aig. Since q G Projf(c(i?)), we 
have 

\\Ec{B)q{(lx*Ti^g{vk)yq)\\2.T:T = \\qE^{B){x*TT^g{vk)y)q\\2.rrT 0,Vx,y G c(M)aig. 

Fix now X, y G Ball(c(-/W)). By Kaplansky density theorem, choose a net {xi)i^j (resp. {yj)j£j) 
in Ball(c(M)aig) such that Xi — )• px (resp. yj — > py) *-strongly. Let e > 0. Since q G Projf(c(i3)), 
we can choose € I x J such that 

II (py - yj)q\\2,Tr + \\q{x*P - Xj)\\2,Tr < e. 

Therefore, by triangle inequality, we obtain 

limsup \\E^(^B)q{(l X* PTT^B {vk)p y g) ||2,Tr < hm sup ||^c(B)g(9 x*T:^g {vk)yj g) ||2,Tr + e < £• 

k k 

Since e > is arbitrary, we get lim^ ||-E'c(_B)<j(9^*P^^fcPy9)||2,Tr = 0. This finally proves that 
<A)p <B)q. ' □ 

Example 2.11. We emphasize two well-known examples that will be extensively used in this 
paper. 

(1) Let r rx (X,^) be any nonsingular action on a standard measure space. Define the 
Maharam extension (see |Ma63j ) T r\ {X x R, m) by 

9 ■ {x, t) = (^gx, t + log ( "^^^^^^ \ x) 

where dm = d/i x exp(t)df. It is easy to see that the action F r> X x R preserves the 
infinite measure m and we moreover have that 

c(L~(X) X F) = L°°{X X R) X F. 
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(2) Let (M,E) = (Ml, El) *b (M2,i?2) be any amalgamated free product von Neumann 
algebra. Fix a faithful normal state if on B. We still denote by (p the faithful normal 
state if o E on M. We realize the continuous core of M as c(M) = M xi^ R. Likewise, 
if we denote hy ipi = if o Ei the corresponding state on Mj, we realize the continuous 
core of Mi as c(Mi) = Mj x<^^ R. We denote by c(^) : c(M) c{B) (resp. c{Ei) : 
c(Mj) — 7- c{B)) the canonical trace preserving faithful normal conditional expectation. 
Recall from [TTe98l Section 2] that af{Mi) = Mi for all t G R and all i € {1, 2}, hence 

{c{M),c{E)) = {c{Mi),c{Ei)) (c(M2),c(£;2)). 

Moreover, c(M) is a semifinite amalgamated free product von Neumann algebra. 

3. Intertwining subalgebras inside semifinite AFP von Neumann algebras 

3.1. Malleable deformation on semifinite AFP von Neumann algebras. First, we recall 
the construction of the malleable deformation on amalgamated free product von Neumann 
algebras discovered in |IPP051 Section 2]. 

Let {J^,E) = {^Al, Ei)*s {Ai2,E2) be any semifinite amalgamated free product von Neumann 
algebra with semifinite faithful normal trace Tr. We will simply write A4 = A4i *b A^2 when 
no confusion is possible. Put A4 = M *s L(F2)) and observe that A4 is still a semifinite 
amalgamated free product von Neumann algebra. We still denote by Tr the semifinite faithful 
normal trace on A4. Let ui,U2 € U(L(F2)) be the canonical Haar unitaries generating L(F2). 
Observe that we can decompose M = Mi *b M.2 with Mi = Mi *b (;B^L(Z)). 

Consider the unique Borel function / : T — )• (— 7r,7r] such that /(exp(it)) = t for all t G 
(— 7r,7r]. Define the selfadjoint operators hi = f{ui) and /12 = /(U2) so that exp(iui) = hi and 
exp(iu2) = /i2- For every t S R, put u\ = exp(it/ii) and u\ — exp(it/i2). We have 

/ f N / / N sinfvrt) , , „ 
vri 

Define the one-parameter group of trace preserving *-automorphisms at € Aut(A^) by 

at = kd{u\) *B Ad(u*2), Vt G R. 
Define moreover the trace preserving ^-automorphism /3 € Aut{M) by 

/? = id-M *B (idB^/3o) 

with (3q{ui) = ul and (3o{u2) = U2- We have atP = (3a-t for all t S R. Thus, {at, (3) is a 
malleable deformation in the sense of Popa |Po06b| . 

We will be using the following notation throughout this section. 

Notation 3.1. Put Ho = L2(^,Tr) and /Co = L2(;B ^ L(F2), Tr). For n > 1, define Sn = 
{{h, . . . ,in) ■ ii ^ • • ■ 7^ in} to be the set of the two alternating sequences of length n made of 
I's and 2's. For X = (zi, . . . , i„) € Sn, denote by 

• Til the closed linear span in L^{M,Tt) of elements xi • • • x„, with Xj G Mij Q B such 
that Tr(x*Xj) < 00 for all j £ {1, . . . , n}. 

• Kx the closed linear span in l?{M,Ti) of elements Uh^xi ■ ■ ■ u^^XnUh^j^^, with hj G F2 
for all J E {1, . . . , n+1} and Xj € Mi- QB such that Tr(x*a;j) < 00 for all j € {1, . . . , n}. 

We denote by Ej^/i : M ^ M the unique trace preserving faithful normal conditional ex- 
pectation as well as the orthogonal projection L^(7\4,Tr) —> 1?{M,Tt). We still denote by 
a : R — 7> IA{L?'{M,Tt)) the Koopman representation which implements the trace preserving 
action a : R — > Aut(7W). 
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Lemma 3.2. Let m,n > 1, X = {ii,...,im) € Sm and J = G 5„. Let xi G 

Mi^ e B,...,Xm G Mi^ e B and yi G Mj^ i3, . . . , y„ G Xj„ i3 wit/i Tr(a*a) < oo /or 
a = xi, . . . ,Xm,yi, ■■■,yn- Let gi,... ,gm+i,hi,. . . G F2. Then 

{Ug^Xi ■ ■ ■ Ug^XmUg^j^^,Uy^^yi ■ ■ ' U,/i„yn^i/i„+i )l2 -p^.^ = 

Uxi ■■■Xm,yi- • •yn)L2(A^,Tr) if m = n, I = J and = /ifc, VA; G {1, . . . , m + 1}; 
1 otherwise. 

Proof. The proof is the same as the proof of |Iol2at Lemma 3.1]. We leave it to the reader. □ 

Lemma 13.21 ahows us, in particular, to put Hn = ®xeSn ~ ®ieSn ^2: since the 

/Cj's are pairwise orthogonal. We then have 

L2(A^,Tr) = and L\M,Tv) = /C„. 

neN neN 

For all ^ G L^(A^,Tr), write ^ = J^neTSi^n with ^„ G for all n G N. A simple calculation 
shows that for all t G R, 

neN ^ ^ 

Observe that 1 1-^ Tr(at(^)^*) is decreasing on [0, 1] for all ^ G L^(7W, Tr). 

3.2. A semifinite analogue of loana- Peterson- Popa's inter tvi^ining theorem |IPP05| . 

The first result of this section is an analogue of the main technical result of |IPP05] (see [IPP05|, 
Theorem 4.3]) for semifinite amalgamated free product von Neumann algebras. A similar result 
also appeared in [CH081 Theorem 4.2]. For the sake of completeness, we will give the proof. 

Theorem 3.3. Let M = Mi *g M2 be a semifinite amalgamated free product von Neumann 
algebra with semifinite faithful normal trace Tr. Let p G Projf(7W) and A C pMp any von 
Neumann subalgebra. Assume that there exist c > and t G (0, 1) such that Tr {at{w)w*) > c 
for all w G U{A). 

Then there exists q G Projf(,B) such that A :<m qBq or there exists i G {1,2} and qi G 
Projf(Xi) such that MpMpi^y :<M QiMiqi. 

Proof. By assumption, there exist c > and t G (0,1) such that Tr(at{w)w*) > c for all 
w G U[A). Choose r G N large enough such that 2"'' < t. Then lh:{a2-r{w)w*) > c for all 
w G U{A). So, we may assume that t = 2"*". A standard functional analysis trick yields a 
nonzero partial isometry v G at{p)Mp such that vx = at{x)v for all x (z A. Observe that 
v*v e A' n pMp and vv* G at{A' n pMp). 

We prove the result by contradiction. Using Proposition 12.71 and as in the proof of Proposition 
12.41 we may choose a net of unitaries G U{A) such that lim/j \\EM-{x*Wky)\\2,'Tv = for all 
i G {1, 2} and all x,y £ pM.. In particular, we get lim^ \\Eq{x* Wky)\\2,'Tv = for all x,y £ pM. 
Regarding M = M*b (S0L(F2)), we get v*v G A'DpMp by Theorem l2.5[ We use now Popa's 
malleability trick |Po03] and put w = at{vf3{v*)) G a2t{p)Mp- Since ww* = at{vv*) / 0, we 
get w ^ and wx = a2t{x)w for all x £ A. Iterating this construction, we find a nonzero 
partial isometry v G ai{p)A4p such that 

(1) vx = ai{x)v, Vx G A. 

Moreover, using again Proposition 12. 5[ we get v*v G A' (IpMp and vv* G ai{A' HpMp). 
Next, exactly as in the proof of |CH081 Claim 4.3], we obtain the following. 
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Claim. We have lirrife \\E^^(^j^^{x*Wky)\\2,Tr = for all x,y £ pA4. 

Proof of the Claim. Regard A4 = A4*i3 (S(8L(F2)). By Kaplansky density theorem, it suffices 
to prove the Claim for x = pa and y = pb with a, 6 in ;S or reduced words in A4 with letters 
alternating from MQB and ;B^L(F2) QB^ CI. Write a = ca' with c = a if a e B; c = 1 if a 
begins with a letter from B (8) L(F2) QBi^ CI; c equals the first letter of a otherwise. Likewise, 
write b = db' . Then we have x*Wky = a*Wkb = a'* c*Wkdb' and note that c*Wkd G A4. Observe 
that a' (resp. b') equals 1 or is a reduced word beginning with a letter from B^L{F2) QB ^Cl. 

Denote by P the orthogonal projection from L^(A^,Tr) onto T-Lq © T-Li. Observe that since 
c*Wkd e MnL^{M,Tr), we have 

P{c*Wkd) = EMi{c*Wkd) + EM2{c*Wkd) - EB{c*Wkd). 

Hence, lim^ ||-P(c*u)fc(i)||2,Tr = 0. Moreover, a simple calculation shows that 

Eai{M)i.x*Wky) = Ea^^^j^){a*P{c*Wkd)b'). 

Therefore, lim^ ||-E'Q,^(_yvi)(x*ii'fey)||2,Tr = 0. This finishes the proof of the Claim. □ 

Finally, combining Equation ([1]) together with the Claim, we get 

|jw'y*||2,Tr = \\ai{wk)vV*\\2;Tr = H-Eai (M) («! (Wfc)'"^* ) Ib.Tr = \\Ea^(^M){vWkV*)\\2,Tr ^ 0. 

This contradicts the fact that f 7^ and finishes the proof of Theorem 13.31 □ 

3.3. A semifinite analogue of loana's intertwining theorem |Iol2a) . Let M = M.i*bM.2 
be a semifinite amalgamated free product von Neumann algebra with semifinite faithful normal 
trace Tr. Put ^A = M *b {B ® L(F2)) and observe that M. is still a semifinite amalgamated 
free product von Neumann algebra. We still denote by Tr the semifinite faithful normal trace 
on M.. Let M = \/ {ugM.u*g : g £ ¥2} C M. Observe that Tr |AA is semifinite and the free 
Bernoulli shift F2 ^ A/" preserves the canonical trace Tr. We moreover have A4 = A/" xi F2. 

We will denote by Ej^f : A4 Af the unique trace preserving faithful normal conditional 
expectation as well as the orthogonal projection Ex '■ L^(7V4,Tr) — >■ L^(A/', Tr). 

We prove next the analogue of [Iol2al Theorem 3.2] for semifinite amalgamated free product 
von Neumann algebras. 

Theorem 3.4. Let A4 = Mi *b 7W2 be a semifinite amalgamated free product von Neumann 
algebra with semifinite faithful normal trace Tr. Let p £ Projf(S), A C pMp any von Neumann 
subalgebra and t £ (0, 1). Assume that there is no net of unitaries Wk £ U{A) such that 

lim \\Ej^{x*atiwk)y)\\2,Tr = 0, Vx,y £ pM. 

k 

Then there exists q £ Projf(;B) such that A <m I^Q or there exists i £ {1,2} and qi £ 
Projf(A4j) such thatMpMp{A)" <m QiMiqi. 

The main technical lemma that will be used to prove Theorem 13.41 is a straightforward gener- 
alization of |Iol2al Lemma 3.4]. We include a proof for the sake of completeness. 

Lemma 3.5. Let t £ (0, 1) and g,h £¥2- For all n > 0, define 

Cn= sup \\E^f{Ugatix)uh)\\2,Tr■ 

xeHn, ||2;||2,Tr<l 

Then lim„ c„ = 0. 
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Proof. First, observe that for all gi ■ ■ ■ , gn+i G F2 and all xi, . . . , x„ £ A4, we have 

(2) Ej^{Ug^Xl ■ ■ ■ Ug^XnUg^^J 



Ug^Xi • • • Ug^XnUg^^^ if 5l ' ' ' 9n+l = 1; 

otherwise. 



Thus for all I € Sn, we have Ej^{K.x) C /Cj and since atCHx) C ICx, we get that Ej\f{ugat{x)uh) € 
K-x for all x G 'Hj. So defining 

cx= sup ||-E'Ar(%at(a;)nh)||2,Tr, 

we see that Cn = maxx^Sn cx since the subspaces /Cj's are pairwise orthogonal. 

Let us fix I = (zi, . . . , i„) G Sn and calculate cj. Denote by a and 6 the canonical generators of 
F2 so that ui = Ua, U2 = Uj, and put Gi = (a) and G2 = (b). For gi,hi G Gj^, . . . ,gn,hn G 
define a map 

^gi,hi,...,g„,/i„(2;i • • • Xn) = Ug^Xiu\^ ■ ■ ■ Ug^XnU*^^ 

for all Xj G A4i^ Q B such that Ti:{x*Xj) < 00 for all j G {1, • • • ,n}. By Lemma [3.21 these 
maps Vg^^fii,...,g„,h„ extend to isometries V^i,/ii,...,g„,h„ : — ^ with pairwise orthogonal 
ranges when ((ji, /ii, ...,(/„, are pairwise distinct. Indeed, we have V^i,/ii,...,3„,/i„('Hi) -L 
yg{,h[,...,g'„,h'jT-(-i) unless c/i = g'^,h1^g2 = h'^'^g'^, . . . ,h~\gn = h'~\gn,h-^ = h'-'^. Since 
moreover Gi fl G2 = {e}, this further implies that gj = g'j and hj = h'j for all j G {1, . . . , n}. 

Denote the Fourier coefficients of u\ and respectively by (3i{gi) = t{u\u*_^) for gi G Gi and 
P2ig2) = ''"(^^l^ga) ^^'^ G G2. We have an explicit formula for these coefficients given by 

t„.-n^ _ ^-n^ _ sin(7r(t - n)) 



ft«)=r(nX-") = r(ur) 



ir{t — n) 



It follows in particular that f3i{gi) G R for all i G {1,2} and all G Gj. Since it^ and U2 are 
unitaries, we moreover have 

E /5i(5i)' = E ^^(92? = 1. 
SiSGi 52GG2 

li X = xi ■ ■ ■ Xn with Xj G Alj^ G B satisfying Tr(x*Xj) < 00, we have 

Ugat{x)Uh = Ug u\^Xlu\l ■ ■ ■ uj^Xnull Uh 

= X] Ph{9l)Pii{hl)---liiS9n)Pi„{K)UgUg^Xiul^---Ug^XnUl^Uh 

gi,/iiGGij ,...,gn,h„eGi„ 

f3iii9l)f3Hihl)--- /3i„ign)l3i„ihn) UgVg^^hu...,gn,hr^ix)Uh, 

gi,/iiGGij ,...,gn,h„eGi„ 
where the sum converges in || • |[2,Tr- Thus, for all x G 7ix, we get 

Ugat{x)Uh = /3n(5l)fti(^l) • ■ ■ liiS9n)PiAhn) UgVg^^hi,...,g^,hAx)uh- 

gi,hiGGi-^ ,...,g„,hn&Gi„ 

Now, using the calculation ([2]), and the fact that the isometries Vgj^^hi,...,g„,hn have mutually 
orthogonal ranges, we get that for all x G 7ix, 



\\E^f{Ugat{x)uh)\\ljr = \\x\\lTr Yl Pii{9lf l^hihlf ' ' ' PiA9nf PiShn) 

gi,hi£Gi-^,...,gn,hn£Gi„ 
ggih~^---g„hn^h=l 
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Thus we get an explicit formula for cj given by 

(3) CX= ^^A9lfPn{K'?■■■|i^A9nf^AK'?■ 

ggihi---gnhnh=l 



For i € {1,2}, define /ij G Prob(F2) by fii{g) = Pi{g)'^ if 5 S and fJ.i{g) = otherwise. 
Likewise, define jli € Prob(F2) by p-iig) = fii{g^^) for all g € F2. Put Vi = fii * fii. Then we 
have 

cx = (i^ii * • • • * Vi,,){g'^h''^). 
So if we put // = z/i * z/2, we have that 

cx ^ [li*^^\g-^h-^),^i*^'^Uu,{g-'h-\v2* ^i*^^g-'h-'^^^^ 
Then |Iol2al Lemma 2.13] implies that lim^ fi*^{s) = for all s E F2 and so lim„ c„ = 0. □ 



Proof of Theorem \3.4\ Assume by contradiction that the conclusion of the theorem does not 
hold. Then Theorem 13.31 implies that for t G (0, 1) there exists a net Wk € U{A) such that 

lim Tr(a((wfc)ii;^) = 0. 

k 

We will show that for all x,y € pM., we have limk\\Ej\f{x*at{wk)y)\\2,TT = 0, which will 
contradict the assumption of Theorem 13. 4[ By a linearity /density argument, it is sufficient to 
show that for all g,h £ F2, 

(4) lim \\E^{ugat{wk)uh)\\2.TT = 0. 

k 



For all k, we have Wk £ A C L^(A^,Tr) = ©„gN so that we can write Wk = X^neN^fc,"' 
with Wk^n £ ^n- Recall that TT{at{wk)wl) = X^„gN (^^^iff^) Il^^fc,n|l2 Tr- Thus the fact that 
limfc Tr(at(tt;fc)w^) = implies that for all n > 0, lim^ ||iL'fc,n||2,Tr = 0. 



Fix g,h £ F2 and e > 0. Note that for n > 1, Ej^{ugat{wk^n)uh) G /Cn, so that all these terms 
are pairwise orthogonal. They are also all orthogonal to Ej\f{ugat{wkfi)uh), which belongs to 
/Co- Thus 



\\Ej^{Ugat{wk)uh)\\2,Tr = 2^ \\EMiUgat{wk,n)uh)\\2,Tr 

n>0 

^ \ ^ 2 II ||2 

— 2^^nWk,n\\2,Tr 

n>0 

where c„ is defined in Lemma 13.51 Observe that c„ < 1 for all n € N. 

Lemma 13.51 implies that there exists uq > such that for all n > no, < e/2. Then we can 
find kQ such that for all k > k^, and all n < tiq, H^t'fc.nlli Tr ^ ^f^i^o + !)• So we get that for 
all k > ko, 

no ^ no ^ 

\\E^{UgatiWk)Uh)\\l^Tr < X] l|w^fc,nll2,Tr + 2 ll^fc,nll2,Tr < X] lkfc,n||2,Tr + 2 ll^'fcHlTr < ^■ 

n=0 n>no n=0 

This shows (jU and finishes the proof of Theorem 13.41 □ 
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4. Relative amenability inside semifinite AFP von Neumann algebras 

Let M = Ml *B M2 be a semifinite amalgamated free product von Neumann algebra with 
semifinite faithful normal trace Tr. Recah that M = M *i3 ® L(F2)), M = \/{ugMu*g : g G 

F2} C M and observe that = A/" xi F2. We denote by a : R Aut(A^) the malleable 
deformation from Section [3.11 

The main result of this section is the following strengthening of loana's result |Iol2al Theorem 
4.1] in the framework of semifinite amalgamated free product von Neumann algebras over an 
amenable subalgebra. 

Theorem 4.1. Let A4 = Mi *b M2 be a semifinite amalgamated free product von Neumann 
algebra with semifinite faithful normal trace Ttm- Assume that B is amenable. Let q € Projf(i3) 
such that qMiq / qBq / qM2q and t £ (0, 1) such that at{qMq) is amenable relative to qMq 
inside qMq. 

Then for all i € {1,2}, there exists a nonzero projection zi € Z{Mi) such that MiZi is 
amenable. 

Let Tr^ be the semifinite faithful normal trace on M = M *b ® L(F2))- Consider the 
basic construction {qMq, eqj\fq) associated with the inclusion of tracial von Neumann algebras 
qMq C qMq. 

We denote by r = rp^i^^-^^ Tr^(g • q) the faithful normal tracial state on qMq and by || • II2 

the L^-norm on qMq associated with r. We then simply denote by Tr the canonical semifinite 
faithful normal trace on {qMq., eqj\fq) given by TT:{aeqj\fqh) = T{ab) for all a, 6 G qMq. Observe 
that qMq = qMq xi F2. Following |Iol2al Section 4], we define the qMiq-qMiq-himodnle 

ni= ^ \?{qMiq)ugeq^fqU*g C l?{{qMq,eqMq)). 
9GF2 

Denote hy U = \?{{qMq,eq^fq),Tx) QTii. 

Lemma 4.2. As qMiq-qMiq-bimodules, we have that Ti. Cwcak ^^{<lMiq) <^\j^{qMiq). 

Proof. The proof goes along the same lines as [Iol2a[ Lemma 4.2]. First observe that since 
qMq = qMq xi F2, we have 

l?{{qMq,eq^fq)) = ^ l?{qMq) UgCq^qUh. 

So it suffices to prove that for all g,h £ F2 such that h ^ g^^, as (/A^ig-gA^ig-bimodules, we 
have 

{L'^iqMq) Q L'^{qMiq)) UgCq^qul Cweak h'^iqMiq) ® \}{qMiq) 
L'^iqMq) UgCqf^qUh Cweak 'L'^ {qMiq) ® L^iqMiq). 

Denote by 'L?{qMqy the qMiq-qMiq-hivnodvle L'^{qMq) with left and right action given by 
X ■ ^ ■ y = x^Ugyu* for all x,y & qMiq and all ^ G L'^{qMq). Likewise, define the Mi-Mi- 
bimodule L^(A^)^. As qMiq-qMiq-himodnXes, we have 

00 

{h\qMq) e l^\qMiq)) UgeqMgU*g = {L^qMq) L^qMiq)) 

96F2 i=l 

00 

L\qMq)ugeqMqUh = ^ L^qMq^ . 
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Put V = {\JheF2\{e} UhMul U and Vg = ([jheF,\{e,g} UhMul U TWs U UgM2u;'^ for 

all 5 G F2. Then we have 

J\f = Mi*B'P = Mi*ts UgMiu*g *B Vg, G F2 \ {e}. 

Using |Ue98l Section 2], there are ;S-;B-bimodules C and Cg for 5 G F2 \ {e}, such that as 
A^i-A^i-bimodules, we have 

L\My ^ L\Mi) Cg L\Mi). 

Since B is amenable, we have that L^{B) Cweak L^iB)(S)L^{B) as ^--B-bimodules. Using |AD93[ 
Lemma 1.7], we obtain that, as gA^ig-gA^ig-bimodules, 

L'^iqMq) e L'^iqMiq) = q {L\Mi) 0b C ®b L^(A^l)) q 

Cwcak9(L^(A^i)«>L2(A^i))Q. 

Since q {l?'{Mi) ® L^(A^i)) q is isomorphic to a gA^ig-gA^ig-subbimodule of 0j^i l?'{qMiq)0 
L^(gA^ig), we infer that, as gA^ig-gA^ig-bimodules, 

L^(gAAg) e l?{qMiq) C„cak l^'^{qMiq) ® lJ^{qMiq). 

Similarly, for all 5 G F2 \ {e} we get that, as gA^ig-gTWig-bimodules, 

l?{qNqy Cweak l^HqMiq) ® l.\qMiq). □ 

Proof of Theorem \4.1\ Since at{q^Aq) is amenable relative to qMq inside qMq, we find a net 
of vectors ^„ G L^((gA^g, egATg), Tr) for n £ I, such that 

• i^^n I ^n)Tr " ''"(a^) for all X G qMq, and 

• ll^J^n — '^n3;||2,Tr ^ for all X G at(gA^g). 

Observe that using the proof of |OP071 Theorem 2.1] we may assume that ^ so that 
{xS,n I S,n)TT = Tr(x^^) = | ^n)Tr for all X G qA4q and all n G I. Since ||^n||2,Tr — > 1, we may 
further assume that H^^njb.Tr = 1 for all n (z I. 

By contradiction, assume that for some i G {1,2}, qMiq has no amenable direct summand. 
Without loss of generality, we may assume that i = 1. Denote by : L^((gA^g, eqMq)) ~^ T^i 
the orthogonal projection. Observe that P-^^ is the orthogonal projection corresponding to 
the unique trace preserving faithful normal conditional expectation Eq : qMq — > Q onto 
the von Neumann subalgebra Q = \l {qMiq,Ugeqj^qU*g : g G F2} C qAiq. We claim that 
lim„ \\uf(nu\ - P'Hiiu\*^nu\)\\2,Tv = 0. If this is not the case, let Cn = (1 - PHi){u{*CnUi) G H 
and observe that limsup„ ||Cn||2,Tr > 0. Arguing as in the proof of |Iol2al Lemma 2.3], we may 
further assume that liminf„ ||Cn||2,Tr > 0. 

Then Cn G 7^ is a net of vectors which satisfies the following conditions: 

• liminf„ ||Cn||2,Tr > 0; 

• limsup„ ||a;Cn||2,Tr < \\x\\2 for all x G q^Alq■, 

• lim„ \\yCn - Cnyh,TT = for all y G qMiq. 

Since as qA^ig-gA^ig-bimodules, we have that Ti Cweak L^(gA^ig)(g)L^(gA^ig) by LemmaH^l it 
follows that qMiq has an amenable direct summand by Connes's result |Co75j . This contradicts 
our assumption and we have shown that lim„ — u* P-^^ (u**^„u* ||2,Tr = linin ||tti*Cn^*i — 
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Put L\ = u\}i\u^* and denote by P^^ : \j'^{{qM.q,eqj^q)) Ci the orthogonal projection. Put 
Vn = PciiCn) and observe that G Ci and t/„ > 0. We moreover have hm„ — r/„||2,Tr = 0. 
So r]n G £1 is a net of vectors which satisfy 

(*) {xVn I f?n)Tr = {VnX \ r/„)Tr r(x) for all X G gTWg, and 
(**) \\xr]n — rjnx\\2,Tr — >• for all X £ at{qA4q). 

We have rjn = X^^gp^ u\xn,gUgegj\/qU*gU^^ with G L^{qAiiq). Since = 77* for all n G I, we 
may assume that Xn,g = x^^g for all n G / and all g G F2. Next, we claim that we may further 
assume that Xn,g G qA4iq with Xn,g = x^ g for all n G / and all g G F2. 

To do so, define the set J of triples j = {X,Y,e) where X C Ball(g7Wg), Y C Ball(at(g'7WQ)) 
are finite subsets and e > 0. We make J a directed set by putting (X, y, e) < (X',y,e') if 
and only if X C X' , Y C Y' and e' < e. Let j = (X, y, e) G J. There exists n £ I such 
that |(xr7„ I r/n)Tr — Tix)\ < e/2 and \\yrin — ??ny||2,Tr < for all x G X and all y £ Y. Let 
V G £^(F2)+ such that ||i;||£2(p2) = 1. For each g G F2, choose yj^g G qMiq such that yj^g = y*g 
and ||xn,<;-?/j,g||2 < v{g) e/4. Put r?^- = J2geF2 u\yj,gUgegj\fgU*gu{* G £1 and observe that r]'j = r]'* 
and \\rin - rijh,Tv < ^l^- We get \{xri'j \ rij)^^ - t{x)\ < e + and \\yr]j - r?jy||2,Tr < £ for 

all a; G X and all y £Y . Then the net {r]'-)j<^j clearly satisfies Conditions (*) and (**) above. 
This finishes the proof of the claim. 

Fix any y G qM.2Q © Q^Q satisfying \\y\\2 = 1- Then we have 

{at{y)r]n \ r]nat{y))Tr 1- 
Expanding at{y) and r/„, we obtain 

{at{y)Vn I r]nOit{y))'Tr = ^ {u\yuf u\xn,gUgeqMgU*gUf \ u\Xn,hUheqMqUlu{* u\yuf)^ 

g,/iGF2 

Recall from Section 13.11 the definition of the Hilbert spaces ICk for A: G N and denote by 

bn,g = EqJ3q{Xn,g)- SiuCC We haVC 

Eq^fq {u*gu{*uly*ui*u\uh) G /Cl, 

-EgATg {ul{Xn,h - bn,g)*u\*ulyul*u{bn,gUg) and E'gATg {ulblgU\*ulyul*u\{Xn,g - bn,g)Ug) G /C2, 
^gA/-? {Uh{Xn,h - bn,g)*u\*ulyU2u{{Xn,g - bn,g)Ug) G /C3, 

we get 

{at{y)Vn I Vnatiy))'Tr = ^ {EqMq{u*guf u^y* uf u\uh) Eqj^q{ulbl ,^u\* u^yul* u\bn,gUg)) 

= ^ r (^q^g(n*nf4y*n*2*7x*in;,)^gA/-g(<?xf4(6;^;,y6„,g)'u*2*n*ing)). 

As in the proof of Theorem 13.41 for i G {1,2}, put Gi = (a) and G2 = (6) so that ui = Ua 
and U2 = Uh- Denote by {f3i{g))g^Gi the Fourier coefficients of u*. For g,h £ F2, define the 
isometry Wg^h ■ L^(7W2) L^l-S) L^{M) by Wg^h{x) = UgXU^ for x G M2 Q B such that 
Tij^{x*x) < 00. Thanks to Lemma [321 the isometrics Wg^h have pairwise orthogonal ranges 
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when {g, h) are pairwise distinct. For all z € qAi2Q Q Q^Q and all g,h € F2, using calculation 
([2]), we obtain 



r,r'eGi,s,s'eG2 

^ /3i(r)/32(s)/32(s')/3i(r')W^h- 

r,r'eGi,s,s'eG2 
h-^r-^ss'-^r'g=l 



'(^)) 



Using the facts that Gi H G2 = {e} and that the isometries Wg'^h' have pairwise orthogonal 
ranges when {g',h') are pairwise distinct, we get 

= Yl l3i{r-'ff32is)^f32{s'~'fPiirTr{y*bli,ybn,g). 

rss'r' =hg~^ 

For i G {1,2}, define /ij G Prob(F2) by Hi{g) = l^i{gY 9 ^ Gi and ^ii{g) = otherwise. 
Likewise, define fii G Prob(F2) by ijii{g) = fJ-iig'^) for all g £ ¥2- Put = /2i * /X2 * A2 * A^i- 
Since y G qA42q Q qBq and x^^g G qMiq, we obtain that 

T (-EgArg(MgM*i*n2y*'U2*ni'u,,) Eqf^q{ulufu\{hl j^yhn,g)ufu{ug)) = fi{hg~'^) T{y*b*^ ,^ybn,g) 

= Khg~^) r{y* xl^hyxn,g). 

Summing over all g,h £¥2 and using Cauchy-Schwarz inequality, we get 



\{o!t{y)vn\vnat{y)) 



Trl = ^)T{y*xlf^yXn,g) 

g,heF2 



< 



Yl f^i9)Tiy*K,hy^n,g-^h) 

y-^n,g~^h\\2 
g,h£F2 

< Y ^^(9){Cn\>^g{Cn))l\F2)^ 
9GF2 

where Cn = I]hGF2 ll^n./iylb and = Y^^eFi liy^n.^lb ^h- Since we moreover have ufr]nu\ = 

EgGF2 '^gf^qMq'Ki Xn,g, WC get 

||^il*?/n'Uiy||2,Tr = Y^ ll^3*5'?A^g^g ^n,9?/ll2,Tr = Y^ Ik^.S^lli = IICn||^2(F2)- 
gGF2 ggF2 

Likewise we have ||d|^2(F2) = ||ynf r/^ii*^ ||2,Tr- 

Denote by T : (."^{¥2) ^^(F2) the Markov operator defined by T = Ylg£F2 f^(9)''^9- Since the 
support of generates F2 and //(e) > (see the proof of [Iol2al Lemma 3.4, Claim]), Kesten's 
criterion for amenability |Ke59j yields ||T||oo < 1. This gives 

\{My)Vn\Vnat{y))Tr\ < (Cn | TC^><?2 (Pa) 

< llT'lloo ||Cn||£2(F2) ||Cnll<!2(F2) 



||T||oo \\u\*r]nu\y\\2,Tr \\yu\* r]nu\\\2. 
\\T\\oo ||??nUiy||2,Tr ||2/nf ||2,Tr- 



Tr 
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Since rjn = r]^-, we obtain 

\\llnu\y\\2,'Vr H?/ wf??™ || 2,Tr \\u\y\\2 Wvu^h = WvWl = 1> 

hence limsup„ \{at{y)rjn \ ??n«t(y))Tr| < ll^lloo < 1- This however contradicts the fact that 

\{at{y)r]n \ r]nat{y))Tr\ 1 

and hence our assumption that qAdiq had no amenable direct summand. Thus for all i G 
{1,2}, qMiq has an amenable direct summand and so does M.i. This finishes the proof of 
Theorem I4.1i □ 

A combination of the proof of the above Theorem 14.11 and the one of |Iol2al Theorem 4.1] 
shows that "or" can be replaced with "and" in loana's result |Iol2al Theorem 4.1]. 

Theorem 4.3. Let M = Mi*bM2 be a tracial amalgamated free product von Neumann algebra. 
Assume that Mi ^ B ^ M2. Put M = M *b (S^L(F2)) = iV x F2 where N = \/{ugMu*g : 
g S L(F2)}. Let t € (0, 1) such that at{M) is amenable relative to N . 

Then for all i £ {1, 2}, there exists a nonzero projection Zi G Z{Mi) such that MiZi is amenable 
relative to B inside M . 



5. Proofs of Theorems [A] and [B] 

5.1. A general intermediate result. Theorems lAl and iBl will be derived from the following 
very general result regarding Cartan subalgebras inside semifinite amalgamated free product 
von Neumann algebras. 

Theorem 5.1. Let A4 = Mi *b 7W2 be a semifinite amalgamated free product von Neumann 
algebra with semifinite faithful normal trace Tr. Assume that B is amenable, Aii has no 
amenable direct summand and for all nonzero projections e B, we have eBe 7^ eA^2e- 

Let p E Projf(;B) and A C pMp any regular amenable von Neumann subalgebra. Then we have 
that A r^pMp pBp. 

Proof. Put A4 = *g (;S(8'L(F2)) and regard pMp as the tracial crossed product von Neumann 
algebra pAip = pMp x F2 with M = \/{ugA4ug : g G F2}. We denote by (at) the malleable 
deformation from Section [3.11 Applying Popa-Vaes's dichotomy result |PV1H Theorem 1.6] to 
the inclusion at{A) C pAip, we get that at least one of the following holds true: 

(1) Either at{A) <^j^^ pMp. ^ 

(2) Or at{pM.p) is amenable relative to pMp inside pMp. 

Since Mi has no amenable direct summand, case (2) cannot hold by Theorem 14. 1[ It remains 
to show that case (1) leads to the conclusion of the theorem. 

In case (1), using Lemma [2. 3 1 and Theorem [331 we get that either there exists q € Projf(S) such 
that A :<M Q^Sq or there exist i G {1, 2} and qi € Projf(7Wj) such that pMp :<m QiMiqi. Since 
the latter case is impossible by Proposition 12. 6[ we get A :<m Q^^q for some q G Projf(0). □ 

5.2. Proof of Theorem [A]. We first need to prove the following well-known result. 

Lemma 5.2. Let M be any von Neumann algebra such that M ^ C and f any faithful normal 
state on M . Realize the continuous core c(M) = M xi^ R. Then for every nonzero projection 
p G L(R), we have L(R)p / pc{M)p. 
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Proof. There are two cases to consider. 

Case (1): assume that ^ C. Choose r e a projection such that r 7^ 0, 1. Observe 
that X = (p{l — r)r — ip{r) (1 — r) G is invertible and (p{x) = 0. Then for every nonzero 
projection p € L(R), we have xp and -E'l(r)p(2;p) = fi^)p = 0- This proves that L(R)p 7^ 
pMp. 

Case (2): assume that M'f = C. Since Z{M) C Z(M'^), it follows that M is a factor. If 
M is of type III, it follows from Connes's classification of type III factors [Co72j that M is 
necessarily of type IIIi. In that case, c(M) is a type IIqo factor and thus L(R)p 7^ pc{M)p for 
every nonzero projection p € L(R). If M is a semifinite factor with semifinite faithful normal 
trace Tr, there exists b € L"'^(M, Tr)+ such that tp = Tr(6-) and ||6||i,Tr = 1- Let g G M be a 
nonzero spectral projection of b. Since 

ip{qx) = Tr{bqx) = Tr{qbx) = Tr(5xg) = ip{xq) 

for all X £ M, we get q G M'^ and so g = 1. This shows that 6 = 1 and Tr = (/? is a finite trace 
on M. hence M = = C, which is a contradiction. □ 

Proof of Theorem\M By [Uelll Theorem 4.1], we know that there exists a nonzero projection 
z G Z{M) such that Mz is a full factor and M(l — z) is a purely atomic von Neumann algebra. 
In particular, M is not amenable. 

In the case when both Mi and M2 are amenable, [HRIO^ Theorem 5.5] implies that M has no 
Cartan subalgebra. It remains to consider the case when Mi or M2 is not amenable. Without 
loss of generality, we may assume that Mi is not amenable. 

By contradiction, assume that M has a Cartan subalgebra. hence, Mz also has a Cartan 
subalgebra. Let p G Z{Mi) be the largest nonzero projection such that Mip has no amenable 
direct summand. Since M(l — z) is purely atomic, we necessarily have p < z. 

By |Uellt Lemma 2.2], we have 

{pMp, -^'^{p ■ p)) = {Mip, —^ipi{-p)) * {pNp, -^y^{p ■ p)) 
(p(p) ipi{p) ip(p) 

with = (Cp©Mi(l —p)) y M2. Observe that pNp 7^ Cp. Indeed let q G M2 be a projection 
such that (7 7^ 0, 1. Then pqp = (p2{q)p + p{q — ^2{q))p € pNp \ Cp. Since Mz is a factor and 
p < z, it follows that pMp has a Cartan subalgebra by |Po031 Lemma 3.5]. 

From the previous discussion, it follows that we may assume that Mi has no amenable direct 
summand, M2 7^ C and M has a Cartan subalgebra A C M. Using Notation 12.91 denote 
by c{A) C c(M) the Cartan subalgebra in the continuous core c(M) = c(Mi) *l(r) c{M2). 
Let q G L(R) be a nonzero finite trace projection. Since c(^) C c(M) is maximal abelian 
and Tr |c(A) is semifinite, |HV121 Lemma 2.1] shows that there exists a nonzero finite trace 
projection p G c{A) and a partial isometry v G c(M) such that p = v*v and q = vv* . Observe 
that vc{A)v* C qc{M)q is still a Cartan subalgebra by |Po031 Lemma 3.5]. 

By Proposition 12.81 Theorem 15.11 and Lemma [521 we get that vc{A)v* ^c{M) L(R)g. Then 
Proposition 12.101 implies that A :<m C. This contradicts the fact that A is diffuse and finishes 
the proof of Theorem |3 □ 

5.3. Proof of Theorem iBl 

Proof of Theorem O Let yl C M be a Cartan subalgebra. Since A,B C M are both tracial 
von Neumann subalgebras of M with expectation, we use Notation 12.91 Let q G Projf(c(i?)). 
By |HV121 Lemma 2.1], there exists p G Projf(c(A)) and a partial isometry v G c(M) such that 
p = v*v and q = vv* . Observe that vc{A)v* C qc{M)q is still a Cartan subalgebra by [Po031 
Lemma 3.5]. 
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Using the assumptions, by Proposition 12.81 [HVTJl Proposition 5.5] and Theorem 15.11 we get 
that vc{A)v* ^c(Af) c{B)q. Then Proposition 12.101 impUes that A B. □ 

6. Proof of Theorem O 

Let TZ be any countable nonsingular equivalence relation on a standard measure space (X, ^u). 
Following |FM75] . denote by m the measure on TZ given by 

m{W) = [ \{yeX: {x,y) G W}\ dfi{x) 
Jx 

for all measurable subsets W C TZ. We denote by [TZ] the full group oiTZ, M = L(7^) the von 
Neumann algebra of TZ and identify h^{M) = h^{TZ,m). For ah V G [TZ], define ti(V') G U{M) 
whose action on [TZ, m) is given by 

We view L°°(7^) as acting on L^(7^, m) by multiplication operators. Note that the unitaries 
u(^) G U{M) for V G normalize L°°(7e) and that L°°(X) C L°°(7e), by identifying a 
function G L°°(X) with the function on TZ given by {x,y) ^ F{x). 

Recall from |CFW8l| Definition 5] that TZ is amenable if there exists a norm one projection 
$ : L°°{TZ) L°°{X) satisfying 

^{u{ip)Fu{i;y) = u(V')$(F)n(V')*,VV' G [TZ]. 

By |CFW8l| Theorem 10], a countable nonsingular equivalence relation TZ is amenable if and 
only if it is hyperfinite. We will say that a countable nonsingular equivalence relation TZ is 
nowhere amenable if for every measurable subset U <Z X such that ^{U) > 0, the equivalence 
relation TZ\U = TZn {U xU) is nonamenable. 

Recall the following definition due to Gaboriau [ Ga991 Definition IV. 6]. 

Definition 6.1. Let 7^ be a countable nonsingular equivalence relation on a standard measure 
space {X, fi) and T^i, 7^2 C TZ sub equivalence relations. We say that TZ splits as the free product 
TZ = TZi*TZ2ii 

• TZ\s generated by TZi and TZ2; 

• For every p G N>o and almost every 2p-tuple (xj)jgz/2pZ iii ^ such that {x2i~i, X2i) G 
TZi and (x2i, X2i+i) G TZ2 for all i G Z/pZ, there exists j G Z/2pZ such that Xj = Xj+i. 

We have the following well-known fact: 

Proposition 6.2. Let TZ be a countable nonsingular equivalence relation on a standard measure 
space {X,fj.) and 7^i,7^2 C TZ subequivalence relations. Let B = L°°(X), Mi = L(7^i), M2 = 
1^{TZ2), M = L{TZ) and denote by Ei : Mi ^ B, E2 : M2 B, E : M B the canonical 
faithful normal conditional expectations. The following conditions are equivalent: 

(1) TZ splits as the free product TZ = TZi * TZ2. 

(2) {M,E) = {Mi,Ei)*b{M2,E2) 

We start by proving the following intermediate result in the framework of type IIi equivalence 
relations. 

Theorem 6.3. Let TZ be a countable (not necessarily ergodic) probability measure preserving 
equivalence relation on a standard probability space {X, (x) which splits as a free product TZ = 
TZi * TZ2 where TZi is a countable type IIi subequivalence relation for all i G {1,2}. 

Let A C L(7^) be a Cartan subalgebra. Then A :^h{TZ) L°°(X). 
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Proof. Let B = L~(X), Mi = L(7^l), M2 = L(7^2) and M = L(7^) so that M = Mi*b M2. 
Let ^ C M be a Cartan subalgebra. The proof of Theorem 16.31 is divided into two parts. 

Step 1. We assume that TZ is ergodic. 

Assume first that both TZi and 7^2 are amenable and thus hyperfinite by |CFW8l ]. Then both 
TZi and 7^2 are treeable with cost equal to 1 by |Ga991 Proposition IIL3] and so 7^ = T^-i * 7^2 
is treeable by |Ga991 Theoreme IV.15]. Then |PV1H Theorem 1.5] shows that A <m B. 

Next assume that TZi or 7^2 is nonamenable. Without loss of generality, we may assume that 
TZi is nonamenable. Choose a measurable subset U C X such that IJ,{U) > and Tli\U is 
nowhere amenable. Since U is a. complete section for TZ, it follows from |A108[ Theoreme 44] 
that we can write TZ\U = Si*S2 where Si = TZi\U and ^2 is a type IIi sub equivalence relation 
of 1Z\U which contains 7^2 

Write q = In & B. By |BQ081 Corollary F.8], choose a projection p £ A and a partial isometry 
V € M such that v*v = p and vv* = q. Then vAv* C qMq is a Cartan subalgebra by [PoOSl 
Lemma 3.5]. We can thus apply Theorem 15. II to M = L(5i) L(52), A = vAv* andp = 1. 

Then we obtain that vAv* :<qMq Bq, hence A <m B. 

Step 2. We prove now the general case. 

In Step El we use disintegration theory in order to be able to apply fiberwise what we have 
showed in Step [TJ 

Denote by 5^ C -B the von Neumann subalgebra of all bounded measurable 7^-invariant 
functions. We then have -B^ = Z{M). Observe that Z{M) = Z{Mi) n Z{M2). 

Write B^ = L°°(y, rf), where (Y, t]) is a standard probability space. We can then write {X, fi) as 
the direct integral over (Y, rj) of a measurable field of standard probability spaces. Since TZ is of 
type III ) almost all these probability spaces are non-atomic and hence isomorphic to the interval 
[0, 1] equipped with the Lebesgue measure. So we find a measure preserving isomorphism of 
probability spaces 6* : [0, 1] x y ^ X such that F{e{t, y)) = F{y) for all F G L°°(y) = L°^(X)^ 
and a.e. {t, y) G [0, 1] x Y . Whenever U d X is a. measurable subset and y G Y, define the 
measurable subset U{y) C [0, 1] by U{y) = {t e [0, 1] : 9{t,y) G U}. 

For all i G {1, 2}, let $i = {99^ : ^/^ — )• : n G N} be a countable graphing for TZi of measure 
preserving partial isomorphisms (fl^ ^ V^. Then <I> = $1 V$2 is a graphing for TZ. For every 
y G y, denote by TZi{y) (resp. TZ{y)) the countable pmp equivalence relation on [0, 1] generated 
by the graphing = {^i{y) : U^y) VHy) : n G N} (resp. <^{y) = $i(?/) V <^2{y))- We 

then get measurable fields {TZi{y))y^Y ■, {TZ2{y))yeY and {TZ{y))y^Y of pmp equivalence relations 
which are all defined on [0,1]. Observe that for a.e. y gY, TZ{y) is ergodic, both TZi{y) and 
TZ2{y) are of type IIi and TZ{y) = TZi{y) * 7^2(y). 

Using the construction in [F M75| of the von Neumann algebra of a countable pmp equivalence 
relation, we obtain measurable fields (L(7^i(y)))j^gy , (L(7^2(y)))yi=y and {L{TZ{y))) oftracial 
von Neumann algebras which satisfy 

L(7^l)= ^L(7^l(y))dr?(y), L(7^2) = T L(7^2(y))dr?(y) and L(7^) = T L(7^(y))dr?(y). 

We denote these measurable fields by (Mi(y))j^gy, {M2{y))y^Y ^^"^ {^iy))y£Y respectively. 
For all y G y, we write B{y) = L°°([0, 1]) C M{y) for the Cartan subalgebra associated with 
the equivalence relation TZ{y). 

Let A C M he a Cartan subalgebra and observe that Z{M) C A. Using the existence of 
disintegration with respect to {Y,r]) (see |Ta021 Theorem IV. 8. 21]), we get a measurable field 
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{A{y))y^Y of abelian von Neumann algebras such that 

e 

A{y)d'n{y). 

Observe that for a.e. y ^Y, A{y) C M(y) is a Cartan subalgebra by |Ta021 Theorem IV. 8. 23]. 

By contradiction, assume that A -^m B. Choose a countable subset {x„ : n G N} C 
Ball(M) which is || • ||2-dense in Ball(M). Then there exists a sequence Vk G ^(^) such 
that limfc \\EB{xiVkXj)\\2 = for all i,j £ N. For all i, /c € N, write 

Xi = J Xi{y)drj{y) and Vk = j Vk{y)dr]{y). 

Observe that for a.e. y eY, the set {xniy) : n G N} C Ball(M(y)) is || • ||2-dense in Ban(M(y)) 
and for every A; G N, Vk{y) G U{A{y)). For all i,j G N, we have 

\\EBixiVkXj)\\l = J^\\EB(y){xi{y)vk{y)xj{y))\\ldr]{y) ^0 as k ^ oo. 

By a classical result in measure theory together with a standard diagonal argument, we get a 
subsequence (fnfe)fceN such that for a.e. y £Y and every i,j G N, 

lim \\EB{y)ixiiy)vnk{y)xj{y))\\2 = 0. 

Thus, we obtain that for a.e. y £ Y, A(y) :^M{y) B{y). 
Altogether, there exists y £Y such that: 

• A{y) C M{y) is a Cartan subalgebra; 

• TZ{y) is ergodic and splits as the free product TZ{y) = Tli{y) * 7^2 (y) where both TZi{y) 
and 7^2 (y) are type IIi subequivalence relations; 

• A{y) :^M{y) B{y). 

This however contradicts Step [T] and finishes the proof of Theorem 16.31 □ 

Proof of Theoremin Write B = L°°(X), Mi = L(7^l), A'h = L{n2) and M = L(7^) so that 
M = Ml * B M2 ■ Define on the standard infinite measure space {X x R, m) the countable 
infinite measure preserving equivalence relations c(7^i), c(7^2) and c(TZ) which are the Maharam 
extensions |Ma63j of the countable nonsingular equivalence relations TZi, 7^2 and TZ respectively. 
Observe that both c(7^i) and c(7^2) are of type II and c(7^) = c(7^i) * c(7^2)- 

If we moreover write c{B) = L°°{X x R), we canonically have 

c(Mi) = L(c(7^l)), c(M2) = L(c(7^2)), c(M) = L(c(7^)) and c(M) = c(Mi) c(M2). 

Let A C M be a Cartan subalgebra. Using Notation \2.9\ we obtain that c{A) C c{M) is a 
Cartan subalgebra. Let q G Projf(c(i?)) such that Tr(g) = 1. Up to cutting down by the 
central support of q, we may assume that q has central support equal to 1 in c(M). By |HV12[ 
Lemma 2.1], there exists p G Projf(c(^)) and a partial isometry v G c(M) such that p = v*v 
and q = vv*. Observe that vc{A)v* C qc{M)q is still a Cartan subalgebra by [Po03l Lemma 
3.5]. In order to show that A and B are unitarily conjugate inside M, using Theorem 12.11 and 
Proposition 12.101 it suffices to show that vc{A)v* ^c(A/) ^{B)q- 

Let U C X X R be a measurable subset such that ly = q. Since ly has central support 
equal to 1 in c(M), lA \s & complete section for c(7^). By |A1081 Theoreme 44], we can write 
c{TZ)\U = Si * S2 where Si = c{'lZi)\U and ^2 is a subequivalence relation of c{lZ)\hl which 
contains c{lZ2)\hl. In particular, both Si and ^2 are type IIi equivalence relations on the 
standard probability space {U^m\U). 
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Let A = vc{A)v* and B = L°°{U). Observe that gc(M)g = L(c(7^)|W) = L(5i * ^2) and ^ is a 
Cartan subalgebra in L(5i * 52). Then Theorem 16.31 imphes that A ^l(<Si*52) that is, 

vc{A)v* :<c{M) c{B)q. This finishes the proof of Theorem ICl □ 

7. Proof of Theorem [D] 

We start by proving Theorem [D] in the infinite measure preserving case. More precisely, we 
deduce the fohowing result from its finite measure preserving counterpart proven in |Iol2at 
Theorem 1.1]. 

Theorem 7.1. Let T = Ti *•£ T2 be an amalgamated product group such that E is finite and 
for all i € {1,2}, Tj is infinite. Let Tr) be a type I von Neumann algebra endowed with a 
semifinite faithful normal trace. Let T r\ (B, Tr) be a trace preserving action such that for all 
i € {1, 2}, the crossed product von Neumann algebra B yiTi is of type II. Put A4 = B ><i T . Let 
p € Projf(/B) and A C pMp any regular amenable von Neumann subalgebra. 

Then for every nonzero projection e £ A' DpMp, we have Ae :^pMp pBp. 

Proof. For every subset J- CT, denote by Pjr the orthogonal projection from L^(A^,Tr) onto 
the closed linear span of {xug : x £ B H L^{B,Tr), g G T}. Since J\fpMp{-^)" = P-Mp, |HV12[ 
Lemma 2.7] provides a central projection z G Z{p^Ap) and a net of unitaries Wk G U{Az) such 
that: 

• limfc ll-PF(w^fe) ||2,Tr = for all finite subset F <ZT. 

• For every e > 0, there exists a finite subset F ClT such that \\a — ^V(a) ||2,Tr < £ for all 
a G Ban(^(p - z)). 

We prove by contradiction that z = 0. So, assume that z 7^ 0. Recall that F = Fi *x; F2. 
Hence the subgroup Sq = Plggp 9^9~^ < S is finite and normal in F. Define the quotient 
homomorphism p : T ^ F/Sq and put A = F/Sq, Aj = Fj/Eg for i G {1, 2}, T = E/Sq so that 
A = Ai *T A2. We get that HsgA sTs'^ = {e}, hence L(A) is a III factor which does not have 
property Gamma by |Iol2al Corollary 6.2]. 

Define the unitary W G U{L'^{B, Tr) ^^(p) ^ £2(^)) 

WiC ®5g®5s) = C05g® G L2(S,Tr), Vg G F, Vs G A. 

Next, define the dual coaction Ap : M ^ M^L{A) by Ap{x) = W*{x 1)W for aU x G M. 
Observe that Ap is a trace preserving *-embedding which satisfies Ap{bug) = bug ^Vp^g^ for all 
b G B and ah 5 G F. 

For every subset T C T, denote by Qp{j^) the orthogonal projection from L^(L(A)) onto the 
closed linear span of {vp(g) : g G T}. Observe that (1 Qp(^jr)){Ap{x)) = Ap{Pjr(x)) for all 
x G M. Since Ap is || • |[2,Tr-preserving, for all finite subset C F, we have 

lim 11(1 Q^(^))(ApK))||2 = lim ||Ap(P^(u;fe))||2 = 0. 

k k 

Since T < A is a finite subgroup, this implies that Ap{Az) :^m®l{A) Q-M-q (8 L(T) for all 
q G Projf(-B). 

Put A = A*x (T X F2) = Ai *x A2 *T (T x F2) and consider the malleable deformation (at) on 
L(A) from Section [3.11 Define < A the normal subgroup generated by {tAt~^ : i G F2} so 
that L(A) = 7\A X F2 with A/" = L(A^). Applying Popa-Vaes's dichotomy result [PVIH Theorem 
1.6] to each of the inclusions 

{id at) {A p{Az)) CpA^p®L(A) = (pMp^Af) x F2 with t G (0,1), 
we obtain that at least one of the following holds true: 
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(1) Either there exists t £ (0, 1) such that (id at)iAp{Az)) ^p_A4p®L(A) P-M-p^N. 

(2) Or for ah t G (0,1), (id (g) at){/S.p{pM.p)) is amenable relative to pMp'® M inside 
pMp®h(k). 

We will prove below that each case leads to a contradiction. 

In case (1), by [Iol2al Theorem 3.2] and since IS.p{Az) :^pMp^L{A) P-A4p^L(T) and MpMpz{A.z)" - 
pAApz, there exists i G {1,2} such that /S.p{pMpz) '^pMpi§L{h) P-Mp In order to get a 

contradiction, we will need the following. 

Claim. Let e G Projf(7W), Q C eMe any von Neumann subalgebra and S any nonempty 
collection of subgroups of T. If Q Qi^3 x H)q for all H £ S and all q G Projf(S), then 
Ap(Q) ^MmiA) qMq®h{p{H)) for all H £ S and ah (7 G Projf(^). 



Proof of the Claim. Since Q (/(-S xi H)q for all -fT G 5 and all q G Projf(i3), Proposition 
implies that there exists a net Vk G W(Q) such that lim^ ||-pF(^^fc)||2,Tr = for all subsets C F 
which are small relative to S. Observe that (1 (g) Qp(jr))(Ap(j;)) = /S.p{Pj:{x)) for all x G Q and 
all subsets T <ZT which are small relative to 5. Since Ap is || • ||2,Tr-pi'eserving, for all subsets 
C r which are small relative to 5, we have 

(5) lip 11(1 ® Qp(^))(Ap(^;fc))||2,Tr = lip \\Ap{Pr{vk))h,Tr = 0. 

k k 

Denote by p{S) the nonempty collection of subgroups p{H) C A with H £ S. Let Q C A 
be any subset which is small relative to p{S). Then there exist n > 1, Hi, . . . ,Hn G S and 
si,ti, . . . , Sn,tn G A such that Q C IJI^i Sip{Hi)ti. Choose gi,hi G F such that p{gi) = Si 
and p{hi) = ti and denote T = IJ^^i QiHihi. Then Q C p{T)- Therefore, (0) implies that 
limfc 11(1 (g) Qg)(Ap(ffc))||2,Tr = for all subsets Q C A which are small relative to p{S). Thus, 
Proposition 12.41 imphes that Ap(Q) ^m'^l(A) qMq^L{p{H)) for all -ff G 5 and all q G 
Projf(S). □ 

We apply the Claim to Q = pAipz and S = {Fi,F2}. In order to do that, we need to check 
that pMpz -^qMq X Ti)q for all i G {1,2} and all q G Projf(;B). Since xi S is a type I 
von Neumann algebra and S x Fj is a type II von Neumann algebra. Proposition 12.61 yields 
the result. Therefore, by the Claim, we get that Ap{pA4pz) :^pMp^L{A) V-^P ® L(Aj) for all 
i G {1,2}. This is a contradiction. 

In case (2), since L(A) does not have property Gamma, |Iol2al Theorem 5.2] shows that either 
there exists i G {1, 2} such that L(A) ^l(A) L(Aj) or L(A) is amenable. Both of these cases are 
easily seen to lead to a contradiction. This finishes the proof of Theorem 17.11 □ 

Proof of Theorem O Let now F r\ {X, p) be any nonsingular free ergodic action on a standard 
measure space such that for all i G {1,2}, the restricted action Fj r\ {X,p) is recurrent. Let 
B = L°°{X) and put M = B yi T. Assume that ^ C M is another Cartan subalgebra. 

Since A,B C M are both tracial von Neumann subalgebras of M with expectation, we use 
Notation 12.91 Define c{B) = L°°(Ar x R) and consider the Maharam extension F r\ c{B) of the 
action T r\ B so that we canonically have c(M) = c{B) x F. Observe that for all i G {1,2}, 
the action Fj r\ c{B) is still recurrent so that c{B) x Fj is a type II von Neumann algebra. 

Let p G Projf(c(A)). By |HV121 Lemma 2.1], there exist q G Projf(c(-B)) and a partial isometry 
V G c(M) such that p = v*v and q = vv* . Observe that vc{A)v* C qc{M)q is still a Cartan 
subalgebra by |Po031 Lemma 3.5]. 

By Theorem l7.H we get vc{A)v* ^qc(M)q ^{B)q- By Proposition l2.101 this implies that A B. 
Since M is a factor, by [ HV121 Theorem 2.5], we get that there exists a unitary u G hl{M) such 
that uAu* = B. This finishes the proof of Theorem iDl □ 
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8. AFP VON Neumann algebras with many nonconjugate Cartan subalgebras 

Connes and Jones exhibited in |CJ81] the first examples of IIi factors M with at least two Car- 
tan subalgebras which are not conjugate by an automorphism of M. More concrete examples 
were found by Ozawa and Popa in [QP08] . 

Recently, Speelman and Vaes exhibited in [SVll] the first examples of group measure space 
III factors M = L°°(y) xi A with uncountably many non stably conjugate Cartan subalgebras. 
Recall from [SVll] that two Cartan subalgebras A and i? of a IIi factor N are stably conjugate 
if there exists nonzero projections p £ A and q (z B and a surjective *-isomorphism a : pNp — > 
qNq such that a{Ap) = Bq. Put N = N®B{f), A = and B = B^i"^. Observe that 

A and B are Cartan subalgebras in the type IIoo factor J\f. Moreover, we have that A and B 
are stably conjugate in N if and only if A and B are conjugate in M. 

Let A r\ (Y, v) be a probability measure preserving free ergodic action as in the statement of 
|SV11|, Theorem 2] so that the corresponding group measure space IIi factor = L°°(y) x A 
has uncountably many non stably conjugate Cartan subalgebras. 

Put r = A * Z and consider the induced action F r\ (A, /i) with X = Ind^ Y . Observe that 
F r\ {X,ijl) is an infinite measure preserving free ergodic action. Write M = L°°(A) xi F for 
the corresponding group measure space type Hqo factor. Since F = A * Z, we canonically have 
M = Ml *bM2 with B = L°°{X), Mi = B xi A and M2 = BxiZ. On the other hand, we also 
have 

M = (L°°(y) X A)^B{f{T/A)) = N^B{f{T/A)). 
Therefore we obtain the following result. 

Theorem 8.1. The amalgamated free product type IIqo factor M = Mi*sM2 has uncountably 
many nonconjugate Cartan subalgebras. 

This result shows that the condition in Theorem [D] imposing recurrence of the action Fj r\ 
(A, /i) for all i € {1,2}, is indeed necessary. 
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